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◆Weierstrass-Enneper parameterization of minimal surfaces



MacMahon (1916):
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“lozenge tilings”
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“lozenge tilings” also satisfy a variational principle
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h

ZZ

R
�(rh) dx dy.

Thm[Cohn,K,Propp (2000)] The function h : R ! R describing the limit
shape is the unique minimizer of the surface tension integral

Lozenge tiling limit shape

� = “surface tension”
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s =density of green
t =density of blue

for each slope (s, t) there is an associated growth rate (entropy) ��(s, t):
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(Number of tilings) = e�Area·�(s,t)(1+o(1))
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1� s� t =density of red
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The surface tension �(s, t)

�(s, t) is the Legendre dual of the free energy F (X,Y ), where tile weights are
{1, eX , eY }.
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The surface tension �(s, t) can be defined by the following property:

d

ds
�(s, t) = X

d

dt
�(s, t) = Y

D(z) = arg(1� z) log |z|+ Im(Li2(z))

In terms of z,

�(s, t) = D(z),

the Bloch-Wigner dilogarithm:

In the triangle,

dX

dt
=

dY

ds

...so there is a function � such that

we have



How to solve the variational problem?

The Euler-Lagrange equation is

div(r�(rh)) = c

or, in terms of X,Y

Xx + Yy = c.

we can (magically) combine this with the “mixed partials” equation

sy = tx

zx
z

+
wy

w
= c.

to get a complex equation in terms of z (with w = 1� z):

Thm[KO]: Solutions z = z(x, y) are defined by Q(e�cxz, e�cyw) = 0 for (arbi-
trary) analytic Q.

a version of the
complex Burgers’ equation
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x
(t� a1)(t� a2)(t� a3)

(t� c1)(t� c2)(t� c3)
+ y

(t� b1)(t� b2)(t� b3)

(t� c1)(t� c2)(t� c3)
= 1

a1 < b1 < c1 < a2 < · · · < c3

The arctic boundary is the envelope of a pencil of lines containing all boundary
edges in order.



a1 a2 a3 a4 a5 a6

a1 a2 a3 a4 a5 a6

The six-vertex model

“free fermions” a1a2 + a3a4 � a5a6 = 0

“Maps from Z2 ! Z”

Lieb (1967): a1 = a2, a3 = a4, a5 = a6
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The five-vertex model⇥

The five vertex model: a generalization of the lozenge tiling model
a special case of the six-vertex model

1 0 eX eY r e
X+Y
2 r e

X+Y
2

A configuration has probability 1
Z evX+hY rc where r is the number of corners,

v is the number of vertical edges, h is the number of horizontal edges.

X = 0, Y = 0, r = 1:

(joint with J. de Gier, S. Watson)

(� ! 1)
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lozenge tilings and the 5-vertex model

The 5 vertex model with r = 1 is the lozenge tiling model.

r 6= 1 means blue and green lozenges “interact”.



r = 1 r = .1r = 10

Simulations



1 eX eY r e
X+Y
2 r e

X+Y
2

However the relationship between (X,Y ) and (s, t) is far from trivial.

s = horizontal density
t = vertical density

X,Y play the role of a “magnetic field”;

rF (X,Y ) = (s, t).

In fact knowing this relationship is equivalent to knowing the free energy:

For fixed r, varying (X,Y ) corresponds to varying density (s, t) of lines

Equivalently,
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r�(s, t) = (X,Y ).
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✓ = ✓(r, s, t)w

z

10
1-r2

sθ (1-s)θ
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(1-s-t)θ

X = � log(1� r2)�B(
z

1� r2
)

Y = � log(1� r2)�B(
w

1� r2
)

r�(s, t) = (X,Y ), where X,Y are defined as follows. (Case r < 1)

B(u) =
1

⇡
(arg(u) log |1� u|+ Im Li(u))

Note: (z � 1)(w � 1) = r2

(NOT the Bloch-Wigner dilog!)



T ({1, 5, 6}, {3, 5, 7}) = r4
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5

6

7

that is, find an explicit diagonalization of the 2N ⇥ 2N transfer matrix T

T =

0

BBB@

T0

T1

. . .
TN

1

CCCA

Tk is the
�n
k

�
⇥
�n
k

�
transfer matrix for k particles

General r case: how to find the free energy F (X,Y )?

T has a partial diagonalization into blocks Tk:

No determinant formula...need to use Bethe Ansatz
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= detA
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k
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k
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(for xi 2 [N ])

for some constants ⇣i and A⇡ = A⇡(⇣1, . . . , ⇣N )

For T1, eigenvectors have the form f⇣(x) = ⇣x where ⇣N = 1.

For Tk, eigenvectors have the form

For T2, eigenvectors have the form f⇣1,⇣2(x1, x2) = A12⇣
x1
1 ⇣x2

2 +A21⇣
x2
1 ⇣x1

2



⇣Ni = (�1)n�1
nY

j=1

1� (1� r2)eY ⇣�1
j

1� (1� r2)eY ⇣�1
i

,

For Tn, the Bethe roots satisfy a system of polynomial equations

Let (1� r2)eY wj = ⇣j .

wN�n
i (1� wi)

n = �C
nY

j=1

wj � 1

wj{
symmetric in all wjs

(Sutherland, Yang, Yang 1967)
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C↵,� = {w : ↵ log |w|+ � log |1� w| = 1}
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The rescaled Bethe roots wi lie on “Cassini ovals”

w12(1� w)4 = const

3 ovals with the same n/N .



⇤ = eXneY (N�n)
⇥
1� (�1)nAr�2n(1� r2)N

⇤ nY

j=1

r2

1� (1� r2)wj

where wN�n
i (1� wi)n = �A

The leading eigenvalue is
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�(s, t) is piecewise analytic:

repulsive

1� s� t+ (1� r�2)st = 0

There is an explicit formula for �r(s, t)

when r < 1,
neutral

in terms of the dilogarithm.
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r > 1 case

� F

no “neutral” phase
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Thm: (...analogous limit shape theorem for 5-vertex model)

Cor: The PDE for the limit shape can be reduced to the PDE for z = z(x, y):

where f(z) is explicit (but only real analytic, not complex analytic.)

zx + f(z)zy = 0

Equivalently, we have a PDE for x = x(z), y = y(z):

yz̄ � f(z)xz̄ = 0



One can still parametrize solutions with analytic functions...

A(z) = �z arg z � (1� z) arg(1� z)

where

A(
1� u

1� r2
)xū �A(

u� r2

u(1� r2)
)yū = 0

The PDE for x = x(u), y = y(u) (with u = 1� (1� r2)z) is
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Thm: The following universal formula holds:
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Here P (z, w) = 0 is the spectral curve

P (z, w) = 1� z � w + (1� r2)zw,

h is the height function and f is an arbitrary analytic function.
<latexit sha1_base64="R+hexeT+gL9+73wkDi92NlM2Nq0="></latexit><latexit sha1_base64="R+hexeT+gL9+73wkDi92NlM2Nq0="></latexit><latexit sha1_base64="R+hexeT+gL9+73wkDi92NlM2Nq0="></latexit><latexit sha1_base64="R+hexeT+gL9+73wkDi92NlM2Nq0="></latexit><latexit sha1_base64="R+hexeT+gL9+73wkDi92NlM2Nq0="></latexit>

zPzx+ wPwy + h(x, y) + f(z) = 0.
<latexit sha1_base64="fEKCiwJURus2QO3z5QUF2uRfahU=">AAACBnicbVC7SsRAFL3x7fqKWooyKMLKSkhstFEEG8sIri6sIUxmJ+7gZBJmJmo2WNn4C3a2NhaK2PoNdv6Ns4/C14ELh3Pu5d57oowzpV330xoaHhkdG5+YrExNz8zO2fMLJyrNJaF1kvJUNiKsKGeC1jXTnDYySXEScXoaXRx0/dNLKhVLxbEuMhok+FywmBGsjRTayx0/7FzXrvzwChW1dvV6s9ioxdXOBtpFrhPaa67j9oD+Em9A1vZX7u8fAMAP7Y+zVkryhApNOFaq6bmZDkosNSOc3lTOckUzTC7wOW0aKnBCVVD23rhB60ZpoTiVpoRGPfX7RIkTpYokMp0J1m312+uK/3nNXMc7QclElmsqSH9RnHOkU9TNBLWYpETzwhBMJDO3ItLGEhNtkquYELzfL/8lJ1uO5zrekUljD/qYgCVYhSp4sA37cAg+1IHALTzCM7xYd9aT9Wq99VuHrMHMIvyA9f4FY7GYqQ==</latexit><latexit sha1_base64="efSOXlxBCEary6uL0JfjTVroOos=">AAACBnicbVDLSsNAFJ34rPUVdSnKYBFaKiVxoxul4MZlBfuANoTJdNIOnTyYmdimoSs3/oL+gRsXirj1G9z5N07aLrT1wIXDOfdy7z1OyKiQhvGtLSwuLa+sZtay6xubW9v6zm5NBBHHpIoDFvCGgwRh1CdVSSUjjZAT5DmM1J3eVerX7wgXNPBvZRwSy0Mdn7oUI6kkWz8YVuzhoNiv2H0YF7v5wUlcKLr5YQFeQKNk6zmjZIwB54k5Jbny4WOKp4qtf7XaAY484kvMkBBN0willSAuKWZklG1FgoQI91CHNBX1kUeElYzfGMFjpbShG3BVvoRj9fdEgjwhYs9RnR6SXTHrpeJ/XjOS7rmVUD+MJPHxZJEbMSgDmGYC25QTLFmsCMKcqlsh7iKOsFTJZVUI5uzL86R2WjKNknmj0rgEE2TAPjgCeWCCM1AG16ACqgCDe/AMXsGb9qC9aO/ax6R1QZvO7IE/0D5/AMDumm4=</latexit><latexit sha1_base64="efSOXlxBCEary6uL0JfjTVroOos=">AAACBnicbVDLSsNAFJ34rPUVdSnKYBFaKiVxoxul4MZlBfuANoTJdNIOnTyYmdimoSs3/oL+gRsXirj1G9z5N07aLrT1wIXDOfdy7z1OyKiQhvGtLSwuLa+sZtay6xubW9v6zm5NBBHHpIoDFvCGgwRh1CdVSSUjjZAT5DmM1J3eVerX7wgXNPBvZRwSy0Mdn7oUI6kkWz8YVuzhoNiv2H0YF7v5wUlcKLr5YQFeQKNk6zmjZIwB54k5Jbny4WOKp4qtf7XaAY484kvMkBBN0willSAuKWZklG1FgoQI91CHNBX1kUeElYzfGMFjpbShG3BVvoRj9fdEgjwhYs9RnR6SXTHrpeJ/XjOS7rmVUD+MJPHxZJEbMSgDmGYC25QTLFmsCMKcqlsh7iKOsFTJZVUI5uzL86R2WjKNknmj0rgEE2TAPjgCeWCCM1AG16ACqgCDe/AMXsGb9qC9aO/ax6R1QZvO7IE/0D5/AMDumm4=</latexit>

<latexit sha1_base64="efSOXlxBCEary6uL0JfjTVroOos=">AAACBnicbVDLSsNAFJ34rPUVdSnKYBFaKiVxoxul4MZlBfuANoTJdNIOnTyYmdimoSs3/oL+gRsXirj1G9z5N07aLrT1wIXDOfdy7z1OyKiQhvGtLSwuLa+sZtay6xubW9v6zm5NBBHHpIoDFvCGgwRh1CdVSSUjjZAT5DmM1J3eVerX7wgXNPBvZRwSy0Mdn7oUI6kkWz8YVuzhoNiv2H0YF7v5wUlcKLr5YQFeQKNk6zmjZIwB54k5Jbny4WOKp4qtf7XaAY484kvMkBBN0willSAuKWZklG1FgoQI91CHNBX1kUeElYzfGMFjpbShG3BVvoRj9fdEgjwhYs9RnR6SXTHrpeJ/XjOS7rmVUD+MJPHxZJEbMSgDmGYC25QTLFmsCMKcqlsh7iKOsFTJZVUI5uzL86R2WjKNknmj0rgEE2TAPjgCeWCCM1AG16ACqgCDe/AMXsGb9qC9aO/ax6R1QZvO7IE/0D5/AMDumm4=</latexit><latexit sha1_base64="VKEnkuzX8ltKc5yR+I94g34TZA4=">AAACBnicbVDLSsNAFJ3UV62vqEsRBovQUimJG90oBTcuI9gHtCFMppN26OTBzMQ2DV258VfcuFDErd/gzr9x2mahrQcuHM65l3vvcSNGhTSMby23srq2vpHfLGxt7+zu6fsHDRHGHJM6DlnIWy4ShNGA1CWVjLQiTpDvMtJ0BzdTv/lAuKBhcC+TiNg+6gXUoxhJJTn68dhyxqPK0HKGMKn0S6OzpFzxSuMyvIJG1dGLRtWYAS4TMyNFkMFy9K9ON8SxTwKJGRKibRqRtFPEJcWMTAqdWJAI4QHqkbaiAfKJsNPZGxN4qpQu9EKuKpBwpv6eSJEvROK7qtNHsi8Wvan4n9eOpXdppzSIYkkCPF/kxQzKEE4zgV3KCZYsUQRhTtWtEPcRR1iq5AoqBHPx5WXSOK+aRtW8M4q16yyOPDgCJ6AETHABauAWWKAOMHgEz+AVvGlP2ov2rn3MW3NaNnMI/kD7/AFv35Z5</latexit>



One can still parametrize solutions with analytic functions...

Set
y =

|u|2

r2

✓
x� Im(g(u))

Im(u)

◆

<latexit sha1_base64="rmhaKE+75r+D8BUB1xhGR67kOFU="></latexit><latexit sha1_base64="M1gNV20P4BfTg9cD73EyZ6rvdqo="></latexit><latexit sha1_base64="M1gNV20P4BfTg9cD73EyZ6rvdqo="></latexit>

<latexit sha1_base64="M1gNV20P4BfTg9cD73EyZ6rvdqo="></latexit><latexit sha1_base64="iQrm3Qbn4io6bk0XUYLA8nRIqeA="></latexit>

where g is an arbitrary analytic function. Plug in to the PDE and integrate:
<latexit sha1_base64="nFHKO8F8QcTiAjkw50JLe6auLxo="></latexit><latexit sha1_base64="nFHKO8F8QcTiAjkw50JLe6auLxo="></latexit><latexit sha1_base64="nFHKO8F8QcTiAjkw50JLe6auLxo="></latexit><latexit sha1_base64="nFHKO8F8QcTiAjkw50JLe6auLxo="></latexit><latexit sha1_base64="nFHKO8F8QcTiAjkw50JLe6auLxo="></latexit>

x =
�1

r2A(w)� |u|2A(z)
Im

✓Z
r2g(u)

(1� u)(u� r2)
du+

|u2|g(u)A(z)

Im(u)

◆
.

<latexit sha1_base64="/A1ns89ayaaWjJ7qHX8Y1XQ72PU="></latexit><latexit sha1_base64="wNFxKZ8ni/aajpZOWKPSopIZCnA="></latexit><latexit sha1_base64="wNFxKZ8ni/aajpZOWKPSopIZCnA="></latexit>

<latexit sha1_base64="wNFxKZ8ni/aajpZOWKPSopIZCnA="></latexit><latexit sha1_base64="f6nTojsIdGJT5szYeq01GqIeH0I="></latexit>



No limit shape (?)
<latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit><latexit sha1_base64="1ixhZW21n2wVG2pnSyYH8wGRkPA=">AAAB+3icbVA9SwNBEJ2LXzF+nbG0WQxCbMJdGq00YGMlEUwMJEfY2+wlS3b3jt09MRz5KzYWitj6R+z8N26SKzTxwcDjvRlm5oUJZ9p43rdTWFvf2Nwqbpd2dvf2D9zDclvHqSK0RWIeq06INeVM0pZhhtNOoigWIacP4fh65j88UqVZLO/NJKGBwEPJIkawsVLfLd/GiDPBDNIjnFBUvTrruxWv5s2BVomfkwrkaPbdr94gJqmg0hCOte76XmKCDCvDCKfTUi/VNMFkjIe0a6nEguogm98+RadWGaAoVrakQXP190SGhdYTEdpOgc1IL3sz8T+vm5roIsiYTFJDJVksilKOTIxmQaABU5QYPrEEE8XsrYiMsMLE2LhKNgR/+eVV0q7XfK/m39Urjcs8jiIcwwlUwYdzaMANNKEFBJ7gGV7hzZk6L86787FoLTj5zBH8gfP5AzRekzY=</latexit>

this is a region where
the surface tension is linear

<latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit><latexit sha1_base64="8Pz+m0DHZpk+ISV/uI84p49OfDQ=">AAACKXicbVDLSgMxFM3UV62vqks3wSK4KjPd6EoKblxWsA/olHInvdMJzWSGJKOU0t9x46+4UVDUrT9ipu1CWy8JHM65zxOkgmvjup9OYW19Y3OruF3a2d3bPygfHrV0kimGTZaIRHUC0Ci4xKbhRmAnVQhxILAdjK5zvX2PSvNE3plxir0YhpKHnIGxVL9c92XC5QCloSbimtoHVOHQivQhQoXU902EVGcqBIbUoMx75Xn5SFD9csWturOgq8BbgApZRKNffvUHCctiO5IJ0LrruanpTUAZzgROS36mMQU2giF2LZQQo+5NZpdO6ZllBjRMlP125Rn7u2ICsdbjOLCZMZhIL2s5+Z/WzUx42ZtwmWb2QjYfFGaCmoTmttEBV8iMGFsATHG7K2URKGDGmluyJnjLJ6+CVq3quVXvtlapXy3sKJITckrOiUcuSJ3ckAZpEkYeyTN5I+/Ok/PifDhf89SCs6g5Jn/C+f4ByTOm7Q==</latexit>

facets/frozen
<latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit>

facets/frozen
<latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit><latexit sha1_base64="W9UppY4Om52xNhjZjw8pujSDbOw=">AAAB9HicbVA9SwNBEN3zM8avqKXNYRCs4l0arSRgYxnBfEByhL3NXLJkb/fcnQvEI7/DxkIRW3+Mnf/GTXKFJj4YeLw3w8y8MBHcoOd9O2vrG5tb24Wd4u7e/sFh6ei4aVSqGTSYEkq3Q2pAcAkN5CignWigcSigFY5uZ35rDNpwJR9wkkAQ04HkEWcUrRRElAGay0irJ5C9UtmreHO4q8TPSZnkqPdKX92+YmkMEpmgxnR8L8Egoxo5EzAtdlMDCWUjOoCOpZLGYIJsfvTUPbdK342UtiXRnau/JzIaGzOJQ9sZUxyaZW8m/ud1Uoyug4zLJEWQbLEoSoWLyp0l4Pa5BoZiYgllmttbXTakmjK0ORVtCP7yy6ukWa34XsW/r5ZrN3kcBXJKzsgF8ckVqZE7UicNwsgjeSav5M0ZOy/Ou/OxaF1z8pkT8gfO5w/zTZIv</latexit>



r = .6
<latexit sha1_base64="NY7WPKQ7rh2vNctXemQtmTvsh0U=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmLKgbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/fTuPVQ==</latexit><latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit><latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit>

<latexit sha1_base64="CZ5J4dKl/wpEcp6oK9vq02xGXwk=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNSNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nzg4j+E=</latexit><latexit sha1_base64="mwNsWWRpyuBTJZeLnSUiRAeV0do=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0g8qBel4MVjBfsBbSib7aZdursJuxuhhP4FLx4U8eof8ua/cdPmoK0PBh7vzTAzL0o508b3v53K2vrG5lZ1u7azu7d/4B4etXWSKUJbJOGJ6kZYU84kbRlmOO2mimIRcdqJJneF33miSrNEPpppSkOBR5LFjGBTSOrGuxy4dd/z50CrJChJHUo0B+5Xf5iQTFBpCMda9wI/NWGOlWGE01mtn2maYjLBI9qzVGJBdZjPb52hM6sMUZwoW9Kgufp7IsdC66mIbKfAZqyXvUL8z+tlJr4OcybTzFBJFovijCOToOJxNGSKEsOnlmCimL0VkTFWmBgbT82GECy/vEraF17ge8GDX2/clnFU4QRO4RwCuIIG3EMTWkBgDM/wCm+OcF6cd+dj0Vpxyplj+APn8wc/f42t</latexit>



r = .4
<latexit sha1_base64="FFMRiOKgx5oG++AQXV54004NL9E=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmrKAbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/ejOPUw==</latexit><latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit><latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit>

<latexit sha1_base64="9zrsw0P++baVuHUUe/371T5sP54=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmVNCNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877NzUwj98=</latexit><latexit sha1_base64="wQTVrEGWXFpzI3e3rWxgGlM/Z7M=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0hE0ItS8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZF6WcaeP7305lbX1jc6u6XdvZ3ds/cA+P2jrJFKEtkvBEdSOsKWeStgwznHZTRbGIOO1Ek7vC7zxRpVkiH800paHAI8liRrApJHXjXQ7cuu/5c6BVEpSkDiWaA/erP0xIJqg0hGOte4GfmjDHyjDC6azWzzRNMZngEe1ZKrGgOsznt87QmVWGKE6ULWnQXP09kWOh9VREtlNgM9bLXiH+5/UyE1+HOZNpZqgki0VxxpFJUPE4GjJFieFTSzBRzN6KyBgrTIyNp2ZDCJZfXiXtCy/wveDBrzduyziqcAKncA4BXEED7qEJLSAwhmd4hTdHOC/Ou/OxaK045cwx/IHz+QM8d42r</latexit>



r = .25
<latexit sha1_base64="maYJfByfp6tmaRzPl8KEQAF1Mfc=">AAAB7HicbZDLSgMxFIZP6q3WW9Wlm2ARXA0zLaIbteDGZQWnFtqhZNJMG5rJDElGKEOfwY0LRdz6Ir6BO9/G9LLQ1h8CH/9/DjnnhKng2rjuNyqsrK6tbxQ3S1vbO7t75f2Dpk4yRZlPE5GoVkg0E1wy33AjWCtVjMShYA/h8GaSPzwypXki780oZUFM+pJHnBJjLV9dOtWzbrniOu5UeBm8OVSuP2u1OgA0uuWvTi+hWcykoYJo3fbc1AQ5UYZTwcalTqZZSuiQ9FnboiQx00E+HXaMT6zTw1Gi7JMGT93fHTmJtR7Foa2MiRnoxWxi/pe1MxNdBDmXaWaYpLOPokxgk+DJ5rjHFaNGjCwQqridFdMBUYQae5+SPYK3uPIyNKuO5zrenVupX8FMRTiCYzgFD86hDrfQAB8ocHiCF3hFEj2jN/Q+Ky2gec8h/BH6+AHteI+Q</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit>

<latexit sha1_base64="FNVo8WktGCxoNI2UHeyu5C1eHjE=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFdGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n2eFmv3qV28QkzSiQhOOleq6TqL9DEvNCKfTSi9VNMFkjIe0a1DgiCo/K4adohPjDFAYS/OERoX7uyPDkVKTKDCVEdYjtZjl5n9ZN9XhpZ8xkaSaCjL7KEw50jHKN0cDJinRfGIAE8nMrIiMsMREm/tUzBHcxZWXoVW3Xcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqHWQHA==</latexit><latexit sha1_base64="uTS6VQRnCcNEXQ5jjtR7Fskar98=">AAAB7HicbVBNS8NAEJ34WetX1aOXxSJ4CklB9KIUvHisYNpCG8pmu2mXbjZhdyKU0t/gxYMiXv1B3vw3btsctPXBwOO9GWbmRZkUBj3v21lb39jc2i7tlHf39g8OK0fHTZPmmvGApTLV7YgaLoXiAQqUvJ1pTpNI8lY0upv5rSeujUjVI44zHiZ0oEQsGEUrBfrGrV32KlXP9eYgq8QvSBUKNHqVr24/ZXnCFTJJjen4XobhhGoUTPJpuZsbnlE2ogPesVTRhJtwMj92Ss6t0idxqm0pJHP198SEJsaMk8h2JhSHZtmbif95nRzj63AiVJYjV2yxKM4lwZTMPid9oTlDObaEMi3srYQNqaYMbT5lG4K//PIqadZc33P9B69avy3iKMEpnMEF+HAFdbiHBgTAQMAzvMKbo5wX5935WLSuOcXMCfyB8/kDr7yN6A==</latexit>
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r = .35
<latexit sha1_base64="tlSuykqQN4oR6fl58qkw4iljdWM=">AAAB7HicbZDLSgMxFIbP1Futt6pLN8EiuBoyFtGNWnDjsoLTFtqhZNJMG5rJDElGKEOfwY0LRdz6Ir6BO9/G9LLQ1h8CH/9/DjnnhKng2mD87RRWVtfWN4qbpa3tnd298v5BQyeZosyniUhUKySaCS6Zb7gRrJUqRuJQsGY4vJ3kzUemNE/kgxmlLIhJX/KIU2Ks5asrt3reLVewi6dCy+DNoXLzWa3WAKDeLX91egnNYiYNFUTrtodTE+REGU4FG5c6mWYpoUPSZ22LksRMB/l02DE6sU4PRYmyTxo0dX935CTWehSHtjImZqAXs4n5X9bOTHQZ5FymmWGSzj6KMoFMgiabox5XjBoxskCo4nZWRAdEEWrsfUr2CN7iysvQOHM97Hr3uFK7hpmKcATHcAoeXEAN7qAOPlDg8AQv8OpI59l5c95npQVn3nMIf+R8/ADu/Y+R</latexit><latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit><latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit>

<latexit sha1_base64="7/mJALUHlDSQJ/hJE8ZcQmanF1k=">AAAB7HicbZDNSsNAFIVv6l+tf1WXbgaL4CokFtGNWnDjsoJpC20ok+mkHTqZhJmJUEKfwY0LRdz6Ir6BO9/GSdqFth4Y+DjnXubeGyScKe0431ZpZXVtfaO8Wdna3tndq+4ftFScSkI9EvNYdgKsKGeCepppTjuJpDgKOG0H49s8bz9SqVgsHvQkoX6Eh4KFjGBtLE9e2fXzfrXm2E4htAzuHGo3n/VCzX71qzeISRpRoQnHSnVdJ9F+hqVmhNNppZcqmmAyxkPaNShwRJWfFcNO0YlxBiiMpXlCo8L93ZHhSKlJFJjKCOuRWsxy87+sm+rw0s+YSFJNBZl9FKYc6Rjlm6MBk5RoPjGAiWRmVkRGWGKizX0q5gju4srL0DqzXcd2751a4xpmKsMRHMMpuHABDbiDJnhAgMETvMCrJaxn6816n5WWrHnPIfyR9fEDqfqQHQ==</latexit><latexit sha1_base64="/ijnSLEOqRhZ3o+VBfMHkh27dIA=">AAAB7HicbVBNS8NAEJ3Ur1q/qh69LBbBU0gU0YtS8OKxgrGFNpTNdtIu3WzC7kYopb/BiwdFvPqDvPlv3LY5aOuDgcd7M8zMizLBtfG8b6e0srq2vlHerGxt7+zuVfcPHnWaK4YBS0WqWhHVKLjEwHAjsJUppEkksBkNb6d+8wmV5ql8MKMMw4T2JY85o8ZKgbp2zy+61ZrnejOQZeIXpAYFGt3qV6eXsjxBaZigWrd9LzPhmCrDmcBJpZNrzCgb0j62LZU0QR2OZ8dOyIlVeiROlS1pyEz9PTGmidajJLKdCTUDvehNxf+8dm7iq3DMZZYblGy+KM4FMSmZfk56XCEzYmQJZYrbWwkbUEWZsflUbAj+4svL5PHM9T3Xv/dq9ZsijjIcwTGcgg+XUIc7aEAADDg8wyu8OdJ5cd6dj3lrySlmDuEPnM8fsUGN6Q==</latexit>

r = .5
<latexit sha1_base64="s0WP6dwC7Y80XVwXaRzuRruH1SA=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmLKIbteDGZQV7gXYomTTThiaZIckIZegruHGhiFufxDdw59uYabvQ1h8CH/9/DjnnhAln2njet1NYWV1b3yhulra2d3b3yvsHTR2nitAGiXms2iHWlDNJG4YZTtuJoliEnLbC0W2etx6p0iyWD2ac0EDggWQRI9jklrpyz3vliud6U6Fl8OdQufmsVmsAUO+Vv7r9mKSCSkM41rrje4kJMqwMI5xOSt1U0wSTER7QjkWJBdVBNp11gk6s00dRrOyTBk3d3x0ZFlqPRWgrBTZDvZjl5n9ZJzXRZZAxmaSGSjL7KEo5MjHKF0d9pigxfGwBE8XsrIgMscLE2POU7BH8xZWXoXnm+p7r33uV2jXMVIQjOIZT8OECanAHdWgAgSE8wQu8OsJ5dt6c91lpwZn3HMIfOR8/e7ePVA==</latexit><latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit><latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit>

<latexit sha1_base64="w+irpTSjDKWWvn2qgxYQBHyzQPw=">AAAB63icbZDLSgMxFIbP1Futt6pLN8EiuBpmFNGNWnDjsoK9QDuUTJppQ5PMkGSEMvQV3LhQxK1P4hu4823MTLvQ6g+Bj/8/h5xzwoQzbTzvyyktLa+srpXXKxubW9s71d29lo5TRWiTxDxWnRBrypmkTcMMp51EUSxCTtvh+CbP2w9UaRbLezNJaCDwULKIEWxyS126Z/1qzXO9Qugv+HOoXX+cFmr0q5+9QUxSQaUhHGvd9b3EBBlWhhFOp5VeqmmCyRgPadeixILqICtmnaIj6wxQFCv7pEGF+7Mjw0LriQhtpcBmpBez3Pwv66YmuggyJpPUUElmH0UpRyZG+eJowBQlhk8sYKKYnRWREVaYGHueij2Cv7jyX2iduL7n+nderX4FM5XhAA7hGHw4hzrcQgOaQGAEj/AML45wnpxX521WWnLmPfvwS877Nza0j+A=</latexit><latexit sha1_base64="c9QDxGSHgJdGdRVDTZ/0HNE6mmA=">AAAB63icbVBNS8NAEJ3Ur1q/oh69LBbBU0gE0YtS8OKxgv2ANpTNdtMu3d2E3Y1QQv+CFw+KePUPefPfuGlz0NYHA4/3ZpiZF6WcaeP7305lbX1jc6u6XdvZ3ds/cA+P2jrJFKEtkvBEdSOsKWeStgwznHZTRbGIOO1Ek7vC7zxRpVkiH800paHAI8liRrApJHXjXQ7cuu/5c6BVEpSkDiWaA/erP0xIJqg0hGOte4GfmjDHyjDC6azWzzRNMZngEe1ZKrGgOsznt87QmVWGKE6ULWnQXP09kWOh9VREtlNgM9bLXiH+5/UyE1+HOZNpZqgki0VxxpFJUPE4GjJFieFTSzBRzN6KyBgrTIyNp2ZDCJZfXiXtCy/wveDBrzduyziqcAKncA4BXEED7qEJLSAwhmd4hTdHOC/Ou/OxaK045cwx/IHz+QM9+42s</latexit>

analytic
<latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit><latexit sha1_base64="43bCp7BFkCych3iZVMsL8OuvTlo=">AAAB73icbVBNS8NAEJ3Ur1q/qh69LBbBU0l60ZMUvHisYD+gDWWy3bRLN5u4uxFC6J/w4kERr/4db/4bt20O2vpg4fHezOzMCxLBtXHdb6e0sbm1vVPereztHxweVY9POjpOFWVtGotY9QLUTHDJ2oYbwXqJYhgFgnWD6e3c7z4xpXksH0yWMD/CseQhp2is1EOJIjOcDqs1t+4uQNaJV5AaFGgNq1+DUUzTiElDBWrd99zE+DkqO0ywWWWQapYgneKY9S2VGDHt54t9Z+TCKiMSxso+achC/d2RY6R1FgW2MkIz0aveXPzP66cmvPZzLpPUMEmXH4WpICYm8+PJiCtGjcgsQaq43ZXQCSqkxkZUsSF4qyevk06j7rl1775Ra94UcZThDM7hEjy4gibcQQvaQEHAM7zCm/PovDjvzseytOQUPafwB87nD0mlkBk=</latexit>

frozen
<latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit>

random(?)
<latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit><latexit sha1_base64="YSklKH7TyJGvAkWqPkxNYX7leqs=">AAAB8HicbVA9TwJBEJ3DL8Qv1NJmIzHBhtzRaKUkNpaYCGjgQvb29mDDflx290wI4VfYWGiMrT/Hzn/jAlco+JJJXt6bycy8KOXMWN//9gpr6xubW8Xt0s7u3v5B+fCobVSmCW0RxZV+iLChnEnassxy+pBqikXEaSca3cz8zhPVhil5b8cpDQUeSJYwgq2THjWWsRLV6/N+ueLX/DnQKglyUoEczX75qxcrkgkqLeHYmG7gpzacYG0Z4XRa6mWGppiM8IB2HZVYUBNO5gdP0ZlTYpQo7UpaNFd/T0ywMGYsItcpsB2aZW8m/ud1M5tchhMm08xSSRaLkowjq9DsexQzTYnlY0cw0czdisgQa0ysy6jkQgiWX14l7Xot8GvBXb3SuMrjKMIJnEIVAriABtxCE1pAQMAzvMKbp70X7937WLQWvHzmGP7A+/wBCkyP3w==</latexit>

frozen
<latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit><latexit sha1_base64="hd615MLF583hlKS4K9xDZt73HZk=">AAAB7XicbVA9SwNBEJ2LXzF+RS1tFoNgFe7SaCUBG8sI5gOSI+xt5pI1e7vH7p4QQ/6DjYUitv4fO/+Nm+QKjT4YeLw3w8y8KBXcWN//8gpr6xubW8Xt0s7u3v5B+fCoZVSmGTaZEkp3ImpQcIlNy63ATqqRJpHAdjS+nvvtB9SGK3lnJymGCR1KHnNGrZNasVaPKPvlil/1FyB/SZCTCuRo9MufvYFiWYLSMkGN6QZ+asMp1ZYzgbNSLzOYUjamQ+w6KmmCJpwurp2RM6cMSKy0K2nJQv05MaWJMZMkcp0JtSOz6s3F/7xuZuPLcMplmlmUbLkozgSxisxfJwOukVkxcYQyzd2thI2opsy6gEouhGD15b+kVasGfjW4rVXqV3kcRTiBUziHAC6gDjfQgCYwuIcneIFXT3nP3pv3vmwtePnMMfyC9/EN1gWPRA==</latexit>

when r  1/3 there is no limit shape.
<latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit><latexit sha1_base64="MkKxGowFG/BgtCd502sNSbpYV3Y=">AAACEXicbVA9SwNBEN3zM8avU0ubxURIFe9ioZUEbCwjmA9IQtjbTHJL9vaO3TklhPwFG/+KjYUitnZ2/hs3H4UmPhh4vDfDzLwgkcKg5307K6tr6xubma3s9s7u3r57cFgzcao5VHksY90ImAEpFFRRoIRGooFFgYR6MLie+PV70EbE6g6HCbQj1leiJzhDK3XcwkMIiuZ1SwL1z87zFEPQQIWhKqZSRAKpCVkCxY6b84reFHSZ+HOSI3NUOu5XqxvzNAKFXDJjmr6XYHvENAouYZxtpQYSxgesD01LFYvAtEfTj8b01Cpd2ou1LYV0qv6eGLHImGEU2M6IYWgWvYn4n9dMsXfZHgmVpAiKzxb1UkkxppN4aFdo4CiHljCuhb2V8pBpxtGGmLUh+IsvL5Naqeh7Rf+2lCtfzePIkGNyQgrEJxekTG5IhVQJJ4/kmbySN+fJeXHenY9Z64oznzkif+B8/gBX25tw</latexit>





The evidence for this conjecture is that it is true on two di↵erent codim-
1 subvarieties of the parameter space: the free fermionic subvariety and the
5-vertex subvariety.

<latexit sha1_base64="VNjJfptRP5cmSXKQQA/FJktkjOk="></latexit><latexit sha1_base64="VNjJfptRP5cmSXKQQA/FJktkjOk="></latexit><latexit sha1_base64="VNjJfptRP5cmSXKQQA/FJktkjOk="></latexit><latexit sha1_base64="VNjJfptRP5cmSXKQQA/FJktkjOk="></latexit><latexit sha1_base64="VNjJfptRP5cmSXKQQA/FJktkjOk="></latexit>

Conjecture: Limit shapes for the 6-vertex model satisfy

zPzx+ wPwy + f(z) + h = 0

where P (z, w) = 0 is the spectral curve and f is analytic, depending on the
boundary

<latexit sha1_base64="GsAUcLZn9Etr9tqA2MK1YSBkEWY="></latexit><latexit sha1_base64="GsAUcLZn9Etr9tqA2MK1YSBkEWY="></latexit><latexit sha1_base64="GsAUcLZn9Etr9tqA2MK1YSBkEWY="></latexit><latexit sha1_base64="GsAUcLZn9Etr9tqA2MK1YSBkEWY="></latexit><latexit sha1_base64="GsAUcLZn9Etr9tqA2MK1YSBkEWY="></latexit>



Thank you 
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in our case

and

Pr(particles at x1, x2, . . . , xk) / f(x1, . . . , xk)f(N � x1, . . . , N � xk)

Fluctuations

The leading eigenvector of Tk has the form



These 10 particles are distributed
like electrons in a conductor

Thm: In the attracting phase particles on a given row or column are uniformly
located (conditionally on being disjoint).

We can compute f(1, 2, 3, . . . , k) and f(N/k, 2N/k, . . . , (k � 1)N/k); in the at-
tracting phase their ratio tends to 1 as N, k ! 1.

Height fluctuations are O(
p
N).


