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RG flows
‘“H#H d.o.f.”

UV CFT (+ relevant deformations)

oo (Gen’ly difficult. E.g. open Clay Prize
RG course graining.  problem for QCD. Can instead guess
in special cases, do non-trivial checks.)

IR CFT (+ irrelevant deformations)

® w5/ — Z g;0; (OKeven if SCFT is non-Lagrangian)
7

® Move on the moduli space of (susy) vacua.

® Gauge a (e.g. UV or IR free) global symmetry.



RG flow constraints

e 't Hooft anomaly matching for global symmetries + gravity.
They must be constant on RG flows; match at endpoints.

e Reducing # of d.of.intuition. For d=2,4 (& d=6 susy) :a-theorem

auyyv = QIR a >0  For unitary thys
conformal ~ o, & Z T, a-theorem pl:'OOf of | |
anomaly / Komargodski + Schwimmer via

conf’l anomaly matching.

(d=odd: via sphere partition function / entanglement entropy.)

® Additional power from supersymmetry. Supermultiplets and
supermultiplets of anomalies.



q-form global currents

* Conserved flavor current: 0"J7 = 0. Source: A, bkgd.
(a = g Lie alg. index) 5AZ — (D,u)\)a

= “q=0-form” global symmetry.

* Conserved higher gq-form global symmms:
Gaiotto, Kapustin, Seiberg, Willett and refs therein.

: : . -(g+1 B ,
J[(Zi-l-iqurl] Wlth 8’“ j[(/jj--?lhﬁ_l] = 0. I°e° d * ](q+1) —

_ wq(a+1) .
Qa—g-1) = /E / q>0: only abelian, U(1)()

Avnet (9 = d — g — 1 or discrete subgp.

Is @>0 possible for (S)CFTs? Often,“no”. E.g. we show that no
q>0 conserved current multiplets for 6d unitary SCFTs.



Couple all currents to
background fields

* Poincare’: Source = bkgd metric g = dapelien,
SeMa — _p0)a (1)b
b
 Conserved flavor current: 0"J7 = 0.Source: A7, bkgd.

Invariance: 0AY = (D, ,\)°
* Conserved g>0 current: w = (DpA)

S D /B“l“-“q+1 ' dV = /B<q+1> A j(@+D)

Iy prg]

sBlHY) — JAY invariance since d« j7T1) =

Background gauge invariance encodes conservation laws.



Recall various anomalies

Effective action as fn 1B = — log( / dy)[dAle—SIB-Al/M)

of baCkgrOund fields: WIB+ 68] — W[B] = A[B] — 27ri/Z(d)[B, S8

(descent procedure)
dZD[B, 58] = 679V [B], dZ@FTV[B] = 7(@+2) (5]

For d=2n, the matter content must be gauge anomaly free.
Anomalies encoded in a topological d+2 form in gauge and global
background field strength Chern classes, and Pontryagin classes
for the background metric curvature. Compute via (n+1)-gon
diagram, or inflow, etc. Calculable via various methods.

We discuss mixed gauge+ global anomalies. They quantum-
deform the global symmetry group into a' 2-group.”



Anomalies (4d case)
gauge

Gauge anomalies must vanish for a healthy theory.
Constrains chiral matter content.
gauge gauge

Global ABJ] anomaly, only for global U(l)s. If non-zero,
global U(I) is just not a symm (explicitly broken
by instantons, perhaps to a discrete subgp).

gauge gauge

Global
't Hooft anomalies. Useful if non-zero: must
be constant along RG flow, match at ends.
Global Global
/iauge Does not violate either symmetry. Deforms
star: global symmetry to a 2-group symmetry.

aY K
i — 5 Fglobal A Fgauge — %Fglobal A *J](32)

- d * * Jolobal =
Global GIobaI (27)




4d QED example

Consider a 4d (non-susy) QED,i.e. u(l) gauge theory, with N flavors
of massless Dirac Fermion (IR free, needs a UV cutoff).

Global symmetry: SU(N)g)) X SU(N);?) % U(l)g)

U(l)? broken by ABJ anomaly. Jp < €7 fog
(0) global dyn. u(l)
UQ1)y" = ul)gauge current gauge field.
u(1)gauge
/\ Non-zero mixed anomaly. As we will discuss, it
V2 SN +1 deforms the global symmetry to a 2-group symm.:
SU(N)L R SU(N)r R

(SU(N)EOER X k=1 U(l)g)) X SU(N)ELO—?—R



Chiral toy model examples

Consider a 4d (non-susy) theory with two O-form flavor symms
U(1)a and U(l)c and matter chiral Fermions with charges (gqa , qc ).

dA | 9cC kas = TrU(1)75 =1 't Hooft C

/N\

kaze = TrU(1)4U(1) e =12 mixed /70\
A A

kace =TrU(1) AUz =0 ABJ=0

kes = TrU(1)5 =0 gauge=0

Take A=global and C=gauge symmetry. Non-zero 't Hooft
and mixed anomaly. 75" = (ka2cca(Fa) + e opi (T)) Acei(fe)

\.global/  “gauge



gauge
gauge

Globa
Global

gauge
Global

—

Likewise 6d anomalies

8aUgE  (Gauge anomalies must vanish. Can use a dyn
gauge GSWS mechanism to cancel reducible parts.

Global ¢t Hooft anomalies. Useful if non-zero. Must
Globa] D€ constant along RG flow, match at ends.

gauge Does not violate any symmetry. Deforms global

symmetry to a 2-group symmetry. Here the

" Global gauge group can be non-Abelian. (In 4d, there

is only one gauge vertex, so it must be u(l).)

Example: small SO(32) instanton theory (Witten '95)

Zxed = o (Fypny) (c2(Fsos2)) + (16 + N)p1 (1))



6d anomalies (aside)

For 6d U(1) gauge theories, can also get a “4-group’:

auge
- N 2 GIObaI 7D kgGGGcl(fgauge)CS(FGlobal)

Global — Global  Does not violate any symmetry. Deforms
global symmetry to a 4-group symmetry.

3
GGlobal Xk U(l)(B) 5148()}10]0&1 — D)\g))
U(l)g’) %74 = 1 (fgauge) §BW = dA® + W’;)QTT(AGFG A Fg)

R X /ngGG

We will focus on the 2-group cases, i.e. involving 2-form bkgd
gauge fields (can couple to strings).



Mixed gauge/global
anomalies and 2-groups

U(l)g) 4d: % = ¢1(fgange) = f95;967 e /22 L

: 1 '
U(1)<1) 6d: *](2) — CQ(fgauge) — —QTI' fgauge A\ fgauge; qj = / *J(Q) c
B ) .

T

Conserved since 4« ;j® =0, charged objects = e.g.
ANO vortex strings (4d), instanton strings (6d).

Couple the |-form global symmetries to
2-form background gauge fields B. S4d,6d O /B A *]

The mixed “anomaly” means that B shifts under a bkgd

flavor or metric gauge transformation =~ 4 =4+ d\4,
B'=B+dA+ -AaFa



“2-group”’ global symmetry

If a non-trivial structure function interplay between a
conserved g=2-form current and the other currents.
Analogous to the Green-Schwarz mechanism for

the global background fields coupled to the currents.
(See e.g. Kapustin and Thorngren papers, and refs therein.)

Global symmetry: GO s, U(1)®

bkgd transf
gd gauge ransV — )
-

0A}, = (DpA)" 6B®) = A + ZAdA™
+ analog for Poincare’ SO(4) frame rotation of spin connection: —I—/%—Ptr(ﬁ(o)dw(l))
167
H® =dB® — 2 08(A) — 2. 0S(w), dH sourced by background

27 167 o
gauge & gravity instanton.



2-group structure constants

Global 0-form and |-form symmetries: G GW

3e 3GV GW) we call them &Aoo, FAp.

Kapustin & Thorngren: Postnikov class. We also call them 2-group structure constants.

Coefficients of CS terms in invariant field strength HG) . For
quantized charges, compact global groups, these coefficients
must be integers: kg, kp € Z They are scheme indep
physical properties of the QFT. Can only arise at tree-level
level or one-loop. Mixed anomaly terms give this symmetry.

0 0 0 1
E g /U<1>E4>u<1>é> — U Xaain UL
a1 Sral T e 2, — —1/@420 c 7z Mixed anomaly
gaug 2 coeffs., so 2-group

. 1 .
hp = —chpec €4 with no anomaly.



2-group affects reducible 't
Hooft anomaly matching

Eg U(1)Y %, U@} only has  TrU(1)% 't Hooft
anomaly matching mod 6k 4 , because of a possible

counterterm: g . — ;_” BAANFY » )Y neZ
70

kas — Kas +6nka Eg can gap if TrU(1)% = 0 mod 64 4

TQFTs can give similar, but physical (non-counterterm) terms with
fractional n. They can be used to match 't Hooft anomalies via a
gapped TQFT. E.g.u(l)c gauge thy broken to 7, . TQFT by Higgs
mechanism of field with charge gc > 1. AIIows TrU( )A + 0 to
be matched by gapped TQFT if TrU(1)} = 0 mod 6nia, gon € Z



2-group vs CFT

Phrased in terms of Ward identities, contact term e.g.:

S U@ )T ) = F20M @ = )BT )

Implies a non-zero 3-point function also at separated points.
Incompatible with additional constraints of CFT. Tension
between 2-group vs CFT. 2-group can be an emergent symmetry,
subject to constraints. E.g.the 4d u(l) gauge theory and 6d small
SO(32) instanton examples are IR free, non-CFTs. Can UV
complete if U(1)s is broken, accidental symmetry in IR. E.g. if
u(l) is part of a non-Abelian UV completion, then U(Il)g is broken
(monopoles). Likewise for little string UV completion of small
SO(32) instanton theory.



2-group RG flows, e.g.
/DC ZOV[ AW, )

Z9V[AD o) Xexp(%/gmcm) ZUV 1AW B@)
0

U1)Y x U(1)g’> gauge U(1)\Y U2(1)§1) <z, UL
Anomaly Two-Group

RG Flow | 4 = %22 [30 440 ract” RG Flow Constant
Matches Ra=—5Kec
ZR[AD cW] | e 1) | ZIR[A() BO)]
U0 <UME | [porgman,an | UL <z, UDy

Xexp(2 /B )/\dc())
™



2-group vs CFT in d>4

| -form symmetry has conserved 2-form current, Alj,.| = d — 2

Exists as a short rep of the conf’l gp, and for d>4 it is not
necessarily free (it is co-closed, but not also closed as in 4d).

Using conservation laws we show that, as in 4d
(TH ()T ()57 (0)) =0  So no 2-group with metric diffs.

But there were not enough constraints to rule out

(JH(x)J" (y)§7° (2)) # 0  Possibly 2-group with global symms.



No 6d SCFT 2-group

Not even global U(1)()(CDI): no unitary 6d SCFT reps
contain global, conserved 2-form currents. So no 2-group
symmetry nor mixed gauge, global anomalies can occur
for 6d SCFTs. If itis a SCFT, any apparent such mixed
anomalies must be cancelled by the GSWS mechanism,
along with the reducible gauge anomalies. Justifies
prescription given by ohmori, shimizu, Tachikawa, and Yonekura.
This affects 't Hooft anomaly coefficients for e.g. SU(2)r
and in various examples with gauge multiplets it turns
out to be crucial for ensuring positivity of the conf’l
anomaly ascrr computed via 't Hooft anomalies.



a, for 6d SCFTs with gauge flds:

E.e. SU(N) gauge group, 2N flavors, | tensor + anomaly

cancellation for reducible gauge + mixed gauge + R-
symmetry anomalies. Use st = 1—76(?4 —~ ? +7) + g(%
T

gauge gauge (R-symmetry + diff. 't Hooft anomalies, CDI ’15)

. R =0 via GsWs)
-symm -symm
\" H T *AC :GSWS

251 1. 199 96
— (N? —1 - 2N? | - N2> 0.
ascrT = (=210 G10) Tag T 7Y >0

NB, there cannot be a conserved 2-form current in SCFT at the

origin, despite apparent cs( fyauge) : it sources dH and is believed to
become part of a (poorly understood) non-Abelian version so not

gauge invariant current at the origin.



Also

Study effect of gauging the 2-group.
Study effects for strings and line defects.

Work in progress on other applications in
4d and 6d.

Thank you!



