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Exact effective interactions in string theory |

@ Scattering amplitudes in string theory are in principle computable
at weak coupling via the genus expansion. The resulting series
S he0 An 922 is asymptotic and misses non-perturbative effects
of order e~ /9 associated to D-instantons. [Shenker 1990]

@ At low energy around SUSY vacua, the dynamics of massless
modes is effectively described by supergravity, corrected by an
infinite series of higher-derivative effective interactions, weighted
by increasing powers of o/ ~ 1//3.

@ The coefficient of each effective interaction is a function £(¢) (or
more generally a tensor) on the moduli space M p, which specifies
the internal manifold Xy—_10_p as well as the string coupling gs.

@ Different cusps of Mp correspond to different degenerations of
Xy, or to possibly different perturbative expansions related by
string dualities.
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Exact effective interactions in string theory Il

@ In string vacua with extended supersymmetry, the moduli space
Mp is locally a symmetric space Gp/Kp, and the coefficients
E(p) are believed to be invariant (or covariant) under the action
» — g - ¢ of an arithmetic subgroup Gp(Z) C Gp.

@ In toroidal compactifications, Gp(Z) includes the T-duality
O(d, d,Z), but may also contain S-duality or U-duality generators
inverting gs or mixing it with geometric moduli.

@ The coefficients £(¢) must then be automorphic forms on
Mp = Gp(Z)\Gp/Kp, which are extensively studied by
mathematicians.
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Exact effective interactions in string theory Il

@ Supersymmetry further requires that the lowest terms in the o/
expansion satisfy closed systems of differential equations on Mp.
These SUSY Ward identities often allow perturbative corrections
at only few low orders, and restrict the form of non-perturbative
contributions.

@ Typically, effective interactions with k derivatives (or 2k fermions)
can only be corrected by instantons carrying 2k fermionic
zero-modes, i.e. breaking a fraction 2k /Nq of the supercharges
preserved the vacuum. Such terms are known as BPS couplings.

@ Combining information from perturbative computations, SUSY
Ward identities and duality, it is often possible to determine the
coefficient £(¢) of BPS couplings exactly throughout Mp.
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Exact effective interactions in string theory IV

@ Such exact results provide invaluable window into the
non—perturbative regime of string theory, allowing precision tests
of string dualities.

@ One important application is to precision counting of BPS black
holes in dimension D, via their contributions to BPS couplings in
dimension D — 1 after reduction on a circle.

@ These exact results can also suggest deep new mathematical
facts about automorphic forms, or about enumerative geometry of
the internal space (or both).
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e Review: four-graviton interactions in maximal SUSY
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Four-graviton interactions in maximal SUSY |

@ Over the last 20 years or so, a lot of work has gone into
implementing this program in string vacua with maximal SUSY
coming from type Il strings compactified on a torus T¢ (or
M-theory compactified on T9+1).

Green Gutperle Russo Vanhove Miller BP Kiritsis Obers ...

@ The leading 4-graviton effective interactions were shown to be
given by Langlands-Eisenstein series of the U-duality group:

5R4 _ 2§(3) gEd+1 (z) , 5D4R4 — C(S) gEd+1 (Z)

3 5
22 2*

where ) is the highest weight of the string multiplet (133 for E7).
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Four-graviton interactions in maximal SUSY |l

@ Both are eigenmodes of the Laplacian on Mp,

and in fact satisfy much stronger tensorial Ward identities which
uniquely identifies them as the automorphic forms associated to
the minimal and next-to-minimal representations.

Green Russo Vanhove; BP; Bossard Verschinin

@ It follows that £54 can only receive 0+1-loop + 1/2-BPS instanton
corrections, while £pap4 can only receive 0+1+2-loop +1/4-BPS
instanton corrections.
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Four-graviton interactions in maximal SUSY |lI

@ The coefficient of the next effective interaction £ps4 is NOT an
Eisenstein series, since it must satisfy the Poisson-type equation

6(d+4)(d—4
(o SO e (e

This implies that Eps4 can only receive 0+1+2+3-loop
corrections, plus 1/8-BPS instantons plus 1/2-BPS instanton-
anti-instanton pairs.

Green Russo Vanhove Miller; Bossard Verschinin
@ The exact Epsr4 Was proposed in D = 9,10 from a two-loop
amplitude in 11D SUGRA [Green Vanhove Russo 2005], in D = 5 by
covarianzing the genus-two string amplitude /8rP2015], and in any
D > 3 from a two-loop amplitude in exceptional SUGRA, [Bossard
Kleinschmidt 2015] but the full expansion at the cusps remain to be
worked out [Bossard Kleinschmidt BR, in progress].
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e Four-photon effective interactions in half maximal SUSY
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Four-dimensional string vacua with 16 supercharges |

@ We now turn to string vacua with half-maximal supersymmetry,
obtained by compactifying the heterotic or type | string on a torus,
or type Il strings on K3 times a torus. For brevity we focus on the
‘maximal rank model’, although our results extend to CHL models.

@ The moduli space in D = 4 is given by

SL(2)  0O(22,6)
U(1) ~ 0(22) x O(6)

My =

where the first factor is the heterotic axiodilaton S = a+i/gz, and
the second are the heterotic Narain moduli.

@ These 4D models are believed to be invariant under G4(Z), an
arithmetic subgroup of SL(2) x O(22,6) preserving the charge
lattice Aem = Ae @ Am. [Font Ibanez Liist Quevedo 1990; Sen 1994]
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Exact BPS couplingsin D = 3 |

@ After compactification on a circle, the moduli space extends to

M3 = =~ O 0(23,7
0(24) X 0(8) Rj/gg X W X R23+7

0(24,8) {RE X My x ROOH
Markus Schwarz 1983

@ Accordingly, the U-duality group enhances to an arithmetic
subgroup Gs(Z) c O(24,8), which is the automorphism group of
the ‘non-perturbative Narain lattice’ Aps g = Aoz 7 © Aq 1.

Sen 1994
@ We focus on the 4-derivative and 6-derivative couplings in D = 3

Fabeg(®) VOEVOPV OV ST 4 Gy (D) V(VHEVDP) V(VOV ST
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Exact BPS couplings in D = 3 |l

@ SUSY requires that the tensorial coefficients Fapeq(P) and Gap ca
satisfy various differential constraints. Among them, schematically,

D&t Fabed =0, D5Gab,co = Fabk(e Frycd

where D2, is a second order differential operator on Ms.

@ These constraints imply that ;.4 receives only 0+1-loop
+1/2-BPS instanton corrections in heterotic perturbation theory,
while Ggp, ¢4 receives only 0+1+2-loop+1/4-BPS instanton
corrections, plus pairs of 1/2-BPS instanton-anti-instantons.

Bossard, Cosnier-Horeau, BP, 2016
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Exact (V)?* coupling in D = 3 |

@ The coupling (V®)* is a 3D version of the F* coupling analyzed
long ago. Up to non-perturbative effects,

dp‘] dp2 F/\2377[Pabcd] +
s Al

where I'p,, , is the partition function of the perturbative Narain
lattice with polynomial insertion,

C —
g§ Fabcd = Eg d(abdcd) + RN/]: O(e 1/g§)
1

3

_ q/2 inQ2p—imrQ2p
Ihy o[ Pabed] = P2 ZPabcd(QL)em 2 )i Q25
QA Lerche Nilsson Schellekens Warner 1988

@ Fi is the standard fundamental domain of SL(2,Z) on H1, and RN
indicates a specific regularization of infrared divergences.
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Exact (V)?* coupling in D=3 Il

@ Requiring invariance under U-duality, it is natural to conjecture
that the exact coefficient of the (V®)* in D = 3 is [obers BP 2000]

dp1dpz Iy [Pabed]

Fabcd = RN/
AN P A

@ This satisfies Dngabcd = 0. The limit g3 — 0 can be extracted
using the orbit method, and reproduces the tree-level and
one-loop terms, plus instantons from NS5 and KK5-branes.

@ In the large radius limit, one finds (schematically)

Fagns =F2 (fz2(S) b(ads) + FL70%)
_’_Z//Q?E/\em (Q P) 5 € 27rFt'M(Q,P)727ri(Q-a1+F’-ag)_i_O(efHZ)

where fr2(S) = —log(S3?|A(S)[?) and F 7"} is a similar modular
integral with Ao4 g replaced by Aoz 6.
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Exact (V)?* coupling in D = 3 1lI

@ The power-like terms (from the trivial orbit and zero-mode of the
rank one orbit) reproduce the exact R? and F* couplings in D = 4.
Harvey Moore, Kiritsis Obers BF, 2000
@ The O(eF) terms (from the rank one orbit) correspond to
2 p2
1/2-BPS dyons, weighted by c(Q, P) = Ygq.p) ¢ (=45597)
where c¢(N) are the Fourier coefficients of 1/A. This agrees with
the BPS index if (Q, P) is primitive.

e The O(e~F*) terms (from the rank two orbit) have the expected
form of Taub-NUT instantons.
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Exact V2(V®)* couplingin D =3 |

@ The V2(V®)* coupling is a 3D version of the D?F* coupling.
Perturbatively, it receives up to two-loop corrections,

[o 1702
98 Gap.o :E%5a6576 + ap Gfgj) + 05 fo%% +0(e™ /%)
3

where the one-loop correction is given by [Sakai Tanii 1987]

G®7) — RN/ dp1dp2 E> F/\23,7[Pab]
ab 2 A ’
Fq p2

while the two-loop correction is jaHoker Phong 2005],

(23,7)
Gab,cd = RN

2
/ d3Q,d3Q, 1 /(\2;7[Rab,cd]
7 [ ®10

2
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Exact V2(V®)* coupling in D=3 I

@ Here, ¢4 is the Igusa cusp form of weight 10, F [I-?ab cd] is the
genus-two Siegel-Narain theta series

I3 [Rabcol = 19272 >~ Rab,ca(QL) €O )

e
Qe

and Rap oq is @ polynomial in Q).
@ 7, is a fundamental domain for the action of Sp(4,Z) on the
Siegel upper-half plane H,.

@ RN denotes a regularization procedure which removes infrared
divergences, both primitive and one-loop subdivergences.
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Exact V2(V®)* coupling in D = 3 llI

@ ltis natural to conjecture that the exact coefficient of the V2(Vd)*
coupling in D = 3 is given by

2
G — RN / d3Q4d3Q, 1 /(\ijs[Rab,cd]
abea 7 |2 P1o

@ This ansatz satisfies the differential constraint DG = F2, where
the source term originates from the pole of 1/ in the
separating degeneration.

@ The limit g3 — 0 can be extracted using the orbit method
(extended to genus two), and reproduces the known perturbative
terms, plus an infinite series of NS5/KK5-brane instantons.
Similarly, the weak coupling limits in type Il and type | reproduce
known perturbative corrections plus D/NS5/KK5-brane instantons.
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Exact V2(V®)?* coupling in D = 3 IV

@ In the large radius limit, we find, schematically,

Gasys =[G — ra(8)0as G2 + e (S)P bty

(1/2) (1/4) (TN)
+ Gozﬁ '\/6 + G(yﬁ ",6 + G()éﬁ,"/é

@ The O(R*) term (from trivial orbit and zero-mode of rank one
orbits) predicts the exact V2F* and R?F? couplings in D = 4.

@ The terms G('/2) and G(1/4) (from the Abelian rank 1 and 2 orbits)
come from 1/2-BPS and 1/4-BPS black holes in D = 4, and are
both O(e=27AM(Q.P)),

@ The term G(™) (from the non-Abelian rank 2 orbit) is O(e~7) and
can be ascribed to Taub-NUT instantons.
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Exact V2(V®)* couplingin D =3V

@ In G('/% the domain F, can be unfolded to P, x T3, where P, is
the space of positive definite matrices Q,. The integral over Q4
extracts the Fourier coefficient of 1/®4q,

i 2 2

-l - -Q i (pQi+0QZ+2vQy- Q)
C[( 2|1l k 2);9 } ——/ dpidoqdv-
Q@ e [0,1]3 pracadi ®10(p, 0, V)

which is a locally constant function of 5.
@ For large R, the integral over Q. is dominated by a saddle point at

R 2
* T (1 S\, 1 ( |PRF -Pr-Qg
2= M(Q, P)A [32 (31 \3|2)+|PR/\QH‘ <—P,.—,~ Qs [QrP ) }A'

where () = A(3)), A € My(Z)/GL(2,Z,).
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Exact V2(V®)?* coupling in D = 3 VI
@ Approximating C [M; Q5] by its saddle point value, we find
(schematically)

: —&T —27i(Q-a .2
chﬁ)wé = Z Puos s 11(Q, P)e 2rRM(Q,P)—27i(Q-a' +P-a?)
(Q.P)ENGr

where M(Q, P) is the mass of a 1/4-BPS black hole, and

wa P = Y JAc[a( A% T8 AT
AeMs(Z)/GL(2,2) z
AT (B)eNsFs

@ In ‘primitive’ cases where only A = 1 contributes, 1.(Q, P) agrees
with the helicity supertrace Qg(Q, P; z), predicted by the DVV
formula with the correct contour prescription. It also refines earlier
proposals for counting dyons with ‘non-primitive’ charges.

Cheng Verlinde 2007; Banerjee Sen Srivastava 2008; Dabholkar Gomes Murthy 2008
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Exact V2(V®)* coupling in D = 3 VII

@ Corrections come from the difference between C [M; Q5] and
C [M; Q3] at large Q», due to wall-crossing. These corrections are
of order =27 AM(Q1.P1)+M(Q2.P2)) " corresponding to two-instanton
effects, and are exponentially suppressed away from the wall.
They are required by the source term in the differential constraint
and ensure the smoothness across the wall.

@ In addition, there are also contributions from the region where
det(22) < 1 due to deep poles at

My — Myp+ Mo + Ma(po — v3) +jv =0 with np, #0

While the integral over 2 is no longer well-defined, one can
estimate that these corrections are of order e~27%"* and resolve
the ambiguities of the sum over 1/4-BPS charges.
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0 Outlook
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Conclusion |

@ V2(V®)* couplings in D = 3 string vacua with 16 supercharges
nicely incorporate degeneracies of 1/4-BPS dyons in D = 4, and
explain their hidden modular invariance. They give a precise
implementation of Gaiotto’s idea that 1/4-BPS dyons are (U-duals
of) heterotic strings wrapped on genus-two Riemann surfaces.

@ In V' = 2 string vacua, the relevant BPS coupling is the metric on
the vector multiplet moduli space in D = 3, or hypermultiplet
moduli space in D = 4. Enforcing the existence of an isometric
action of SL(2,7Z) leads to (mock) modularity constraints on
generalized Donaldson Thomas invariants.

Alexandrov Banerjee Manschot BE, 2016-17 and in progress
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