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LEARNING A RULE



STATISTICAL PHYSICS



?

N=2, M=22, α=M/N=11

x⇤
i ⇠ PX

<latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit><latexit sha1_base64="vCYftd2NWyqVaprG6EykVmKX6Mk=">AAAB+XicdVDLSgMxFM3UV62vUZdugkUQF0OmtNruim5cVrAPaMchk2ba0GRmSDLFMvRP3LhQxK1/4s6/MX0IKnrgwuGce7n3niDhTGmEPqzcyura+kZ+s7C1vbO7Z+8ftFScSkKbJOax7ARYUc4i2tRMc9pJJMUi4LQdjK5mfntMpWJxdKsnCfUEHkQsZARrI/m2fX935mdsCnuKCdjwO75dRA4qVSvlEkROqYJqbs2QCnJr52XoOmiOIlii4dvvvX5MUkEjTThWquuiRHsZlpoRTqeFXqpogskID2jX0AgLqrxsfvkUnhilD8NYmoo0nKvfJzIslJqIwHQKrIfqtzcT//K6qQ6rXsaiJNU0IotFYcqhjuEsBthnkhLNJ4ZgIpm5FZIhlphoE1bBhPD1KfyftEqOixz3plysXy7jyIMjcAxOgQsuQB1cgwZoAgLG4AE8gWcrsx6tF+t10ZqzljOH4Aest0//f5M/</latexit>

y = sign(Fx⇤)
<latexit sha1_base64="pUHTe5y3N0YRDV0qyE5fOEeEmwk=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCdVFmxOdCKArisoJ9QDuWTJq2oUlmSDLiOBR/xY0LRdz6H+78G9N2hCp64MLhnHu59x4/ZFRpx/m0MlPTM7Nz2fncwuLS8oq9ulZVQSQxqeCABbLuI0UYFaSiqWakHkqCuM9Ize+fD/3aLZGKBuJaxyHxOOoK2qEYaSO17I0YnsKkKTlUtCsGhYu7m92dlp13is4IcIIcOO7JoQvdVMmDFOWW/dFsBzjiRGjMkFIN1wm1lyCpKWZkkGtGioQI91GXNAwViBPlJaPrB3DbKG3YCaQpoeFInZxIEFcq5r7p5Ej31G9vKP7lNSLdOfYSKsJIE4HHizoRgzqAwyhgm0qCNYsNQVhScyvEPSQR1iawnAnh+1P4P6nuFV2n6F7t50tnaRxZsAm2QAG44AiUwCUogwrA4B48gmfwYj1YT9ar9TZuzVjpzDr4Aev9C7nQlBo=</latexit><latexit sha1_base64="pUHTe5y3N0YRDV0qyE5fOEeEmwk=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCdVFmxOdCKArisoJ9QDuWTJq2oUlmSDLiOBR/xY0LRdz6H+78G9N2hCp64MLhnHu59x4/ZFRpx/m0MlPTM7Nz2fncwuLS8oq9ulZVQSQxqeCABbLuI0UYFaSiqWakHkqCuM9Ize+fD/3aLZGKBuJaxyHxOOoK2qEYaSO17I0YnsKkKTlUtCsGhYu7m92dlp13is4IcIIcOO7JoQvdVMmDFOWW/dFsBzjiRGjMkFIN1wm1lyCpKWZkkGtGioQI91GXNAwViBPlJaPrB3DbKG3YCaQpoeFInZxIEFcq5r7p5Ej31G9vKP7lNSLdOfYSKsJIE4HHizoRgzqAwyhgm0qCNYsNQVhScyvEPSQR1iawnAnh+1P4P6nuFV2n6F7t50tnaRxZsAm2QAG44AiUwCUogwrA4B48gmfwYj1YT9ar9TZuzVjpzDr4Aev9C7nQlBo=</latexit><latexit sha1_base64="pUHTe5y3N0YRDV0qyE5fOEeEmwk=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCdVFmxOdCKArisoJ9QDuWTJq2oUlmSDLiOBR/xY0LRdz6H+78G9N2hCp64MLhnHu59x4/ZFRpx/m0MlPTM7Nz2fncwuLS8oq9ulZVQSQxqeCABbLuI0UYFaSiqWakHkqCuM9Ize+fD/3aLZGKBuJaxyHxOOoK2qEYaSO17I0YnsKkKTlUtCsGhYu7m92dlp13is4IcIIcOO7JoQvdVMmDFOWW/dFsBzjiRGjMkFIN1wm1lyCpKWZkkGtGioQI91GXNAwViBPlJaPrB3DbKG3YCaQpoeFInZxIEFcq5r7p5Ej31G9vKP7lNSLdOfYSKsJIE4HHizoRgzqAwyhgm0qCNYsNQVhScyvEPSQR1iawnAnh+1P4P6nuFV2n6F7t50tnaRxZsAm2QAG44AiUwCUogwrA4B48gmfwYj1YT9ar9TZuzVjpzDr4Aev9C7nQlBo=</latexit><latexit sha1_base64="pUHTe5y3N0YRDV0qyE5fOEeEmwk=">AAAB/XicdVDLSgMxFM3UV62v8bFzEyxCdVFmxOdCKArisoJ9QDuWTJq2oUlmSDLiOBR/xY0LRdz6H+78G9N2hCp64MLhnHu59x4/ZFRpx/m0MlPTM7Nz2fncwuLS8oq9ulZVQSQxqeCABbLuI0UYFaSiqWakHkqCuM9Ize+fD/3aLZGKBuJaxyHxOOoK2qEYaSO17I0YnsKkKTlUtCsGhYu7m92dlp13is4IcIIcOO7JoQvdVMmDFOWW/dFsBzjiRGjMkFIN1wm1lyCpKWZkkGtGioQI91GXNAwViBPlJaPrB3DbKG3YCaQpoeFInZxIEFcq5r7p5Ej31G9vKP7lNSLdOfYSKsJIE4HHizoRgzqAwyhgm0qCNYsNQVhScyvEPSQR1iawnAnh+1P4P6nuFV2n6F7t50tnaRxZsAm2QAG44AiUwCUogwrA4B48gmfwYj1YT9ar9TZuzVjpzDr4Aev9C7nQlBo=</latexit>

coordinates 
of points:

hyper-plane 
parameters:

labels

Fµi ⇠ N (0, 1/N)
<latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="hP+6LrUf2d3tZaldqaQQvEKMXyw=">AAAB2XicbZDNSgMxFIXv1L86Vq1rN8EiuCozbnQpuHFZwbZCO5RM5k4bmskMyR2hDH0BF25EfC93vo3pz0JbDwQ+zknIvSculLQUBN9ebWd3b/+gfugfNfzjk9Nmo2fz0gjsilzl5jnmFpXU2CVJCp8LgzyLFfbj6f0i77+gsTLXTzQrMMr4WMtUCk7O6oyaraAdLMW2IVxDC9YaNb+GSS7KDDUJxa0dhEFBUcUNSaFw7g9LiwUXUz7GgUPNM7RRtRxzzi6dk7A0N+5oYkv394uKZ9bOstjdzDhN7Ga2MP/LBiWlt1EldVESarH6KC0Vo5wtdmaJNChIzRxwYaSblYkJN1yQa8Z3HYSbG29D77odBu3wMYA6nMMFXEEIN3AHD9CBLghI4BXevYn35n2suqp569LO4I+8zx84xIo4</latexit><latexit sha1_base64="nfT8obVnN2qOYmuzBKiYAdg5S5o=">AAAB/HicbZDNS8MwGMbfzq85p1avggSHMEFm60WPgiCexgT3AWspaZZuYUlbklQYpTcv/itePCji3+HN/8bs46DTBwI/nifhzfuEKWdKO86XVVpZXVvfKG9WtqrbO7v2XrWjkkwS2iYJT2QvxIpyFtO2ZprTXiopFiGn3XB8Pc27D1QqlsT3epJSX+BhzCJGsDZWYB/eBLknMsQK5CkmUO4RzFGzqDun7lnzJLBrTsOZCf0FdwE1WKgV2J/eICGZoLEmHCvVd51U+zmWmhFOi4qXKZpiMsZD2jcYY0GVn8/2KNCxcQYoSqQ5sUYz9+eLHAulJiI0NwXWI7WcTc3/sn6mo0s/Z3GaaRqT+aAo40gnaFoKGjBJieYTA5hIZv6KyAhLTLSprmJKcJdX/gud84brNNw7B8pwAEdQBxcu4ApuoQVtIPAIz/AKb9aT9WK9z+sqWYve9uGXrI9vehaV+w==</latexit><latexit sha1_base64="0FDQhAhAI+XPGPox6AwnJ0R84qU=">AAAB/HicdZBLSwMxFIXv1FetVatbQYJFqCA1I/jaCYK4KhXsAzqlZNK0DU1mhiQjlGF2bvwrblwo4u9w578xfQhV9EDg8J2Em3v8SHBtMP50MguLS8sr2dXcWn59Y7Owla/rMFaU1WgoQtX0iWaCB6xmuBGsGSlGpC9Ywx9ejfPGPVOah8GdGUWsLUk/4D1OibGoU9i97iSejBFPkae5RIlHiUCVtIQP3aPKQadQxGU8EZozJ9i9OHWROyNFmKnaKXx43ZDGkgWGCqJ1y8WRaSdEGU4FS3NerFlE6JD0WcvagEim28lkjxTtW9JFvVDZExg0ofMvEiK1Hknf3pTEDPTvbAz/ylqx6Z23Ex5EsWEBnQ7qxQKZEI1LQV2uGDViZA2hitu/IjogilBjq8vZEr43Rf+b+nHZxWX3FkMWdmAPSuDCGVzCDVShBhQe4Ale4NV5dJ6dt2ldGWfW2zb8kPP+BZgylhE=</latexit><latexit sha1_base64="6pisR/rxW0OrjnEgWbYw2ezao1M=">AAACB3icdVDLSgMxFM34rPVVdSlIsAgVpGYEX7uiIK5KBfuAzjBk0kwbmswMSUYoQ3du/BU3LhRx6y+4829M2xGq6IELh3Pu5d57/JgzpRH6tGZm5+YXFnNL+eWV1bX1wsZmQ0WJJLROIh7Jlo8V5Sykdc00p61YUix8Tpt+/3LkN++oVCwKb/Ugpq7A3ZAFjGBtJK+wc+WljkggG0JHMQFTh2AOq8MSOrAPq/teoYjKaAw4RY6RfX5iQztTiiBDzSt8OJ2IJIKGmnCsVNtGsXZTLDUjnA7zTqJojEkfd2nb0BALqtx0/McQ7hmlA4NImgo1HKvTEykWSg2EbzoF1j312xuJf3ntRAdnbsrCONE0JJNFQcKhjuAoFNhhkhLNB4ZgIpm5FZIelphoE13ehPD9KfyfNI7KNirbN6hYucjiyIFtsAtKwAanoAKuQQ3UAQH34BE8gxfrwXqyXq23SeuMlc1sgR+w3r8AGeKXfw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit><latexit sha1_base64="F9Da/cZqCBBtMUacbTa6XW2SE/o=">AAACB3icdVDLSsNAFJ3UV62vqEtBBotQQWoiPndFQVyVCvYBTQiT6bQdOpOEmYlQQnZu/BU3LhRx6y+482+cthGq6IELh3Pu5d57/IhRqSzr08jNzM7NL+QXC0vLK6tr5vpGQ4axwKSOQxaKlo8kYTQgdUUVI61IEMR9Rpr+4HLkN++IkDQMbtUwIi5HvYB2KUZKS565feUlDo8hTaEjKYeJgxGD1bRk7dsH1T3PLFplaww4RY4t+/zEhnamFEGGmmd+OJ0Qx5wECjMkZdu2IuUmSCiKGUkLTixJhPAA9Uhb0wBxIt1k/EcKd7XSgd1Q6AoUHKvTEwniUg65rzs5Un352xuJf3ntWHXP3IQGUaxIgCeLujGDKoSjUGCHCoIVG2qCsKD6Voj7SCCsdHQFHcL3p/B/0jgs21bZvjkqVi6yOPJgC+yAErDBKaiAa1ADdYDBPXgEz+DFeDCejFfjbdKaM7KZTfADxvsXGyKXgw==</latexit>

↵ = O(1), N,M ! 1
<latexit sha1_base64="+PN3+hyxm/fiz1aObZIaOc7XIZ0=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoUMqMCLoRim7cqBVsK3SGcifNtKGZzJhkhDJ078ZfceNCEbf+gDv/xvSx0NYDgcM593Jzjh9zprRtf1uZhcWl5ZXsam5tfWNzK7+901BRIgmtk4hH8s4HRTkTtK6Z5vQulhRCn9Om3z8f+c0HKhWLxK0exNQLoStYwAhoI7XzBRd43AN8iq9LzkEZu/cJdPBV+dLVEXaZCPSgnS/aFXsMPE+cKSmiKWrt/JfbiUgSUqEJB6Vajh1rLwWpGeF0mHMTRWMgfejSlqECQqq8dJxliPeN0sFBJM0TGo/V3xsphEoNQt9MhqB7atYbif95rUQHJ17KRJxoKsjkUJBwbHKOisEdJinRfGAIEMnMXzHpgQSiTX05U4IzG3meNA4rjl1xbo6K1bNpHVm0hwqohBx0jKroAtVQHRH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHe8uYzg==</latexit><latexit sha1_base64="+PN3+hyxm/fiz1aObZIaOc7XIZ0=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoUMqMCLoRim7cqBVsK3SGcifNtKGZzJhkhDJ078ZfceNCEbf+gDv/xvSx0NYDgcM593Jzjh9zprRtf1uZhcWl5ZXsam5tfWNzK7+901BRIgmtk4hH8s4HRTkTtK6Z5vQulhRCn9Om3z8f+c0HKhWLxK0exNQLoStYwAhoI7XzBRd43AN8iq9LzkEZu/cJdPBV+dLVEXaZCPSgnS/aFXsMPE+cKSmiKWrt/JfbiUgSUqEJB6Vajh1rLwWpGeF0mHMTRWMgfejSlqECQqq8dJxliPeN0sFBJM0TGo/V3xsphEoNQt9MhqB7atYbif95rUQHJ17KRJxoKsjkUJBwbHKOisEdJinRfGAIEMnMXzHpgQSiTX05U4IzG3meNA4rjl1xbo6K1bNpHVm0hwqohBx0jKroAtVQHRH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHe8uYzg==</latexit><latexit sha1_base64="+PN3+hyxm/fiz1aObZIaOc7XIZ0=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoUMqMCLoRim7cqBVsK3SGcifNtKGZzJhkhDJ078ZfceNCEbf+gDv/xvSx0NYDgcM593Jzjh9zprRtf1uZhcWl5ZXsam5tfWNzK7+901BRIgmtk4hH8s4HRTkTtK6Z5vQulhRCn9Om3z8f+c0HKhWLxK0exNQLoStYwAhoI7XzBRd43AN8iq9LzkEZu/cJdPBV+dLVEXaZCPSgnS/aFXsMPE+cKSmiKWrt/JfbiUgSUqEJB6Vajh1rLwWpGeF0mHMTRWMgfejSlqECQqq8dJxliPeN0sFBJM0TGo/V3xsphEoNQt9MhqB7atYbif95rUQHJ17KRJxoKsjkUJBwbHKOisEdJinRfGAIEMnMXzHpgQSiTX05U4IzG3meNA4rjl1xbo6K1bNpHVm0hwqohBx0jKroAtVQHRH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHe8uYzg==</latexit><latexit sha1_base64="+PN3+hyxm/fiz1aObZIaOc7XIZ0=">AAACC3icbVDLSgMxFM3UV62vqks3oUWoUMqMCLoRim7cqBVsK3SGcifNtKGZzJhkhDJ078ZfceNCEbf+gDv/xvSx0NYDgcM593Jzjh9zprRtf1uZhcWl5ZXsam5tfWNzK7+901BRIgmtk4hH8s4HRTkTtK6Z5vQulhRCn9Om3z8f+c0HKhWLxK0exNQLoStYwAhoI7XzBRd43AN8iq9LzkEZu/cJdPBV+dLVEXaZCPSgnS/aFXsMPE+cKSmiKWrt/JfbiUgSUqEJB6Vajh1rLwWpGeF0mHMTRWMgfejSlqECQqq8dJxliPeN0sFBJM0TGo/V3xsphEoNQt9MhqB7atYbif95rUQHJ17KRJxoKsjkUJBwbHKOisEdJinRfGAIEMnMXzHpgQSiTX05U4IzG3meNA4rjl1xbo6K1bNpHVm0hwqohBx0jKroAtVQHRH0iJ7RK3qznqwX6936mIxmrOnOLvoD6/MHe8uYzg==</latexit>

Goals:  
Estimation: Infer x* from M 
samples/examples of (Fµ,yµ). 
Generalization: Predict labels of 
new points. 

EX:TEACHER-STUDENT PERCEPTRON



STATISTICAL PHYSICS

P (X|Y ) =
P (Y |X)P (X)

Z
=

elog (P (Y |X)P (X))

Z

X Y

a probabilistic process

P (Y |X)P (X)

Generative
model Observation

Posterior 
probability

Hamiltonian

Partition sum



TWO QUESTIONS

Many predictions from the heuristic replica method:  
Asymptotic free energy/mutual information Derrida & Gardner 89’ 
Optimal overlap & optimal generalization Gyorgyi - Sompolinski & al 90’s 
 can we prove them mathematically rigorously? 

Both answered in this talk. 

What about practical algorithmic performance? 
Not the focus of the physics literature until the early 00’s 
 Can we reach optimal performances with efficient algorithms?  



GENERALIZED LINEAR REGRESSION

labels:

data matrix:

regression parameters:

noise:

component-wise function

e.g.:  

y 2 RM

F 2 RM⇥N

⇠ 2 RM

y = '⇠(Fx)
<latexit sha1_base64="fPdSTadlQ34JzoBSP/qaavECQcQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIdTMkpaPdCEVBXFawD+gMJZOmbWjmQZIpLbULf8WNC0Xc+hvu/BvTh6CiBy4czrmXe+/xY8GVRujDSi0tr6yupdczG5tb2zvZ3b2aihJJWZVGIpINnygmeMiqmmvBGrFkJPAFq/v9y6lfHzCpeBTe6lHMvIB0Q97hlGgjtbIHI3gO3QGRcY+33CGH+Ss4hCetbA7Z6NQp4hJEtoNwCTuGFByMUAFiG82QAwtUWtl3tx3RJGChpoIo1cQo1t6YSM2pYJOMmygWE9onXdY0NCQBU954dv8EHhulDTuRNBVqOFO/T4xJoNQo8E1nQHRP/fam4l9eM9GdkjfmYZxoFtL5ok4ioI7gNAzY5pJRLUaGECq5uRXSHpGEahNZxoTw9Sn8n9QKNkY2vinmyheLONLgEByBPMDgDJTBNaiAKqDgDjyAJ/Bs3VuP1ov1Om9NWYuZffAD1tsnxBiUpA==</latexit><latexit sha1_base64="fPdSTadlQ34JzoBSP/qaavECQcQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIdTMkpaPdCEVBXFawD+gMJZOmbWjmQZIpLbULf8WNC0Xc+hvu/BvTh6CiBy4czrmXe+/xY8GVRujDSi0tr6yupdczG5tb2zvZ3b2aihJJWZVGIpINnygmeMiqmmvBGrFkJPAFq/v9y6lfHzCpeBTe6lHMvIB0Q97hlGgjtbIHI3gO3QGRcY+33CGH+Ss4hCetbA7Z6NQp4hJEtoNwCTuGFByMUAFiG82QAwtUWtl3tx3RJGChpoIo1cQo1t6YSM2pYJOMmygWE9onXdY0NCQBU954dv8EHhulDTuRNBVqOFO/T4xJoNQo8E1nQHRP/fam4l9eM9GdkjfmYZxoFtL5ok4ioI7gNAzY5pJRLUaGECq5uRXSHpGEahNZxoTw9Sn8n9QKNkY2vinmyheLONLgEByBPMDgDJTBNaiAKqDgDjyAJ/Bs3VuP1ov1Om9NWYuZffAD1tsnxBiUpA==</latexit><latexit sha1_base64="fPdSTadlQ34JzoBSP/qaavECQcQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIdTMkpaPdCEVBXFawD+gMJZOmbWjmQZIpLbULf8WNC0Xc+hvu/BvTh6CiBy4czrmXe+/xY8GVRujDSi0tr6yupdczG5tb2zvZ3b2aihJJWZVGIpINnygmeMiqmmvBGrFkJPAFq/v9y6lfHzCpeBTe6lHMvIB0Q97hlGgjtbIHI3gO3QGRcY+33CGH+Ss4hCetbA7Z6NQp4hJEtoNwCTuGFByMUAFiG82QAwtUWtl3tx3RJGChpoIo1cQo1t6YSM2pYJOMmygWE9onXdY0NCQBU954dv8EHhulDTuRNBVqOFO/T4xJoNQo8E1nQHRP/fam4l9eM9GdkjfmYZxoFtL5ok4ioI7gNAzY5pJRLUaGECq5uRXSHpGEahNZxoTw9Sn8n9QKNkY2vinmyheLONLgEByBPMDgDJTBNaiAKqDgDjyAJ/Bs3VuP1ov1Om9NWYuZffAD1tsnxBiUpA==</latexit><latexit sha1_base64="fPdSTadlQ34JzoBSP/qaavECQcQ=">AAAB/3icdVDLSgMxFM3UV62vquDGTbAIdTMkpaPdCEVBXFawD+gMJZOmbWjmQZIpLbULf8WNC0Xc+hvu/BvTh6CiBy4czrmXe+/xY8GVRujDSi0tr6yupdczG5tb2zvZ3b2aihJJWZVGIpINnygmeMiqmmvBGrFkJPAFq/v9y6lfHzCpeBTe6lHMvIB0Q97hlGgjtbIHI3gO3QGRcY+33CGH+Ss4hCetbA7Z6NQp4hJEtoNwCTuGFByMUAFiG82QAwtUWtl3tx3RJGChpoIo1cQo1t6YSM2pYJOMmygWE9onXdY0NCQBU954dv8EHhulDTuRNBVqOFO/T4xJoNQo8E1nQHRP/fam4l9eM9GdkjfmYZxoFtL5ok4ioI7gNAzY5pJRLUaGECq5uRXSHpGEahNZxoTw9Sn8n9QKNkY2vinmyheLONLgEByBPMDgDJTBNaiAKqDgDjyAJ/Bs3VuP1ov1Om9NWYuZffAD1tsnxBiUpA==</latexit> x 2 RN

<latexit sha1_base64="Wx0aLkgfZG1kt2tUvy6R785aJ9M=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCqzJTBF0W3biSKvYBnbFk0rQNzWSGJCMOQ/0VNy4UceuHuPNvzLQVfB4IOZxzLzk5QcyZ0o7zbhUWFpeWV4qrpbX1jc0te3unpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJr77RsqFYvElU5j6od4KNiAEayN1LPLt8hjAmVeiPUoCNDl5Pq8Z1ecas3JgX4Ttzq9nQrM0ejZb14/IklIhSYcK9V1nVj7GZaaEU4nJS9RNMZkjIe0a6jAIVV+Ng0/QftG6aNBJM0RGk3VrxsZDpVKw8BM5hnVTy8X//K6iR4c+xkTcaKpILOHBglHOkJ5E6jPJCWap4ZgIpnJisgIS0y06atkSvj8KfqftGpV16m6F4eV+sm8jiLswh4cgAtHUIczaEATCKRwD4/wZN1ZD9az9TIbLVjznTJ8g/X6AdPrlDo=</latexit><latexit sha1_base64="Wx0aLkgfZG1kt2tUvy6R785aJ9M=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCqzJTBF0W3biSKvYBnbFk0rQNzWSGJCMOQ/0VNy4UceuHuPNvzLQVfB4IOZxzLzk5QcyZ0o7zbhUWFpeWV4qrpbX1jc0te3unpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJr77RsqFYvElU5j6od4KNiAEayN1LPLt8hjAmVeiPUoCNDl5Pq8Z1ecas3JgX4Ttzq9nQrM0ejZb14/IklIhSYcK9V1nVj7GZaaEU4nJS9RNMZkjIe0a6jAIVV+Ng0/QftG6aNBJM0RGk3VrxsZDpVKw8BM5hnVTy8X//K6iR4c+xkTcaKpILOHBglHOkJ5E6jPJCWap4ZgIpnJisgIS0y06atkSvj8KfqftGpV16m6F4eV+sm8jiLswh4cgAtHUIczaEATCKRwD4/wZN1ZD9az9TIbLVjznTJ8g/X6AdPrlDo=</latexit><latexit sha1_base64="Wx0aLkgfZG1kt2tUvy6R785aJ9M=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCqzJTBF0W3biSKvYBnbFk0rQNzWSGJCMOQ/0VNy4UceuHuPNvzLQVfB4IOZxzLzk5QcyZ0o7zbhUWFpeWV4qrpbX1jc0te3unpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJr77RsqFYvElU5j6od4KNiAEayN1LPLt8hjAmVeiPUoCNDl5Pq8Z1ecas3JgX4Ttzq9nQrM0ejZb14/IklIhSYcK9V1nVj7GZaaEU4nJS9RNMZkjIe0a6jAIVV+Ng0/QftG6aNBJM0RGk3VrxsZDpVKw8BM5hnVTy8X//K6iR4c+xkTcaKpILOHBglHOkJ5E6jPJCWap4ZgIpnJisgIS0y06atkSvj8KfqftGpV16m6F4eV+sm8jiLswh4cgAtHUIczaEATCKRwD4/wZN1ZD9az9TIbLVjznTJ8g/X6AdPrlDo=</latexit><latexit sha1_base64="Wx0aLkgfZG1kt2tUvy6R785aJ9M=">AAAB/HicdVDLSgMxFL1TX7W+Rrt0EyyCqzJTBF0W3biSKvYBnbFk0rQNzWSGJCMOQ/0VNy4UceuHuPNvzLQVfB4IOZxzLzk5QcyZ0o7zbhUWFpeWV4qrpbX1jc0te3unpaJEEtokEY9kJ8CKciZoUzPNaSeWFIcBp+1gfJr77RsqFYvElU5j6od4KNiAEayN1LPLt8hjAmVeiPUoCNDl5Pq8Z1ecas3JgX4Ttzq9nQrM0ejZb14/IklIhSYcK9V1nVj7GZaaEU4nJS9RNMZkjIe0a6jAIVV+Ng0/QftG6aNBJM0RGk3VrxsZDpVKw8BM5hnVTy8X//K6iR4c+xkTcaKpILOHBglHOkJ5E6jPJCWap4ZgIpnJisgIS0y06atkSvj8KfqftGpV16m6F4eV+sm8jiLswh4cgAtHUIczaEATCKRwD4/wZN1ZD9az9TIbLVjznTJ8g/X6AdPrlDo=</latexit>

xi 2 {±1}
<latexit sha1_base64="WaQwAXq5VZu204zRnFIb0i50vUY=">AAAB/XicdVDLSsNAFL2pr1pf8bFzM1gEVyEpgi6LblxWsA9oSphMJ+3QySTMTMQair/ixoUibv0Pd/6Nk7aCzwOXezjnXubOCVPOlHbdd6u0sLi0vFJeraytb2xu2ds7LZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho/PCb19TqVgirvQ4pb0YDwSLGMHaSIG9dxMwhHwmkJ8jP42Rh/xJYFddp+YWQL+J50y7W4U5GoH95vcTksVUaMKxUl3PTXUvx1Izwumk4meKppiM8IB2DRU4pqqXT6+foEOj9FGUSFNCo6n6dSPHsVLjODSTMdZD9dMrxL+8bqaj017ORJppKsjsoSjjSCeoiAL1maRE87EhmEhmbkVkiCUm2gRWMSF8/hT9T1o1x3Md7/K4Wj+bx1GGfTiAI/DgBOpwAQ1oAoFbuIdHeLLurAfr2XqZjZas+c4ufIP1+gE6U5PG</latexit><latexit sha1_base64="WaQwAXq5VZu204zRnFIb0i50vUY=">AAAB/XicdVDLSsNAFL2pr1pf8bFzM1gEVyEpgi6LblxWsA9oSphMJ+3QySTMTMQair/ixoUibv0Pd/6Nk7aCzwOXezjnXubOCVPOlHbdd6u0sLi0vFJeraytb2xu2ds7LZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho/PCb19TqVgirvQ4pb0YDwSLGMHaSIG9dxMwhHwmkJ8jP42Rh/xJYFddp+YWQL+J50y7W4U5GoH95vcTksVUaMKxUl3PTXUvx1Izwumk4meKppiM8IB2DRU4pqqXT6+foEOj9FGUSFNCo6n6dSPHsVLjODSTMdZD9dMrxL+8bqaj017ORJppKsjsoSjjSCeoiAL1maRE87EhmEhmbkVkiCUm2gRWMSF8/hT9T1o1x3Md7/K4Wj+bx1GGfTiAI/DgBOpwAQ1oAoFbuIdHeLLurAfr2XqZjZas+c4ufIP1+gE6U5PG</latexit><latexit sha1_base64="WaQwAXq5VZu204zRnFIb0i50vUY=">AAAB/XicdVDLSsNAFL2pr1pf8bFzM1gEVyEpgi6LblxWsA9oSphMJ+3QySTMTMQair/ixoUibv0Pd/6Nk7aCzwOXezjnXubOCVPOlHbdd6u0sLi0vFJeraytb2xu2ds7LZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho/PCb19TqVgirvQ4pb0YDwSLGMHaSIG9dxMwhHwmkJ8jP42Rh/xJYFddp+YWQL+J50y7W4U5GoH95vcTksVUaMKxUl3PTXUvx1Izwumk4meKppiM8IB2DRU4pqqXT6+foEOj9FGUSFNCo6n6dSPHsVLjODSTMdZD9dMrxL+8bqaj017ORJppKsjsoSjjSCeoiAL1maRE87EhmEhmbkVkiCUm2gRWMSF8/hT9T1o1x3Md7/K4Wj+bx1GGfTiAI/DgBOpwAQ1oAoFbuIdHeLLurAfr2XqZjZas+c4ufIP1+gE6U5PG</latexit><latexit sha1_base64="WaQwAXq5VZu204zRnFIb0i50vUY=">AAAB/XicdVDLSsNAFL2pr1pf8bFzM1gEVyEpgi6LblxWsA9oSphMJ+3QySTMTMQair/ixoUibv0Pd/6Nk7aCzwOXezjnXubOCVPOlHbdd6u0sLi0vFJeraytb2xu2ds7LZVkktAmSXgiOyFWlDNBm5ppTjuppDgOOW2Ho/PCb19TqVgirvQ4pb0YDwSLGMHaSIG9dxMwhHwmkJ8jP42Rh/xJYFddp+YWQL+J50y7W4U5GoH95vcTksVUaMKxUl3PTXUvx1Izwumk4meKppiM8IB2DRU4pqqXT6+foEOj9FGUSFNCo6n6dSPHsVLjODSTMdZD9dMrxL+8bqaj017ORJppKsjsoSjjSCeoiAL1maRE87EhmEhmbkVkiCUm2gRWMSF8/hT9T1o1x3Md7/K4Wj+bx1GGfTiAI/DgBOpwAQ1oAoFbuIdHeLLurAfr2XqZjZas+c4ufIP1+gE6U5PG</latexit>

'⇠(x) = sign(z)
<latexit sha1_base64="XGibSmXxGdv6Oggja/359xpAxNk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiQi6EYounFZwT6gCWEynbRDZyZhZlJaQ7du/BU3LhRx6x+482+ctllo64ELh3Pu5d57woRRpR3n21pZXVvf2CxsFbd3dvf27YPDpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbqt4ZEKhqLez1OiM9RT9CIYqSNFNjQGyKZ9GngjSgsjyrwCmae5FDRnpjA8kMlsEtO1ZkBLhM3JyWQox7YX143xiknQmOGlOq4TqL9DElNMSOTopcqkiA8QD3SMVQgTpSfzT6ZwFOjdGEUS1NCw5n6eyJDXKkxD00nR7qvFr2p+J/XSXV06WdUJKkmAs8XRSmDOobTWGCXSoI1GxuCsKTmVoj7SCKsTXhFE4K7+PIyaZ5VXafq3p2Xatd5HAVwDE5AGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MW9dsfKZI/AH1ucPRJiYwg==</latexit><latexit sha1_base64="XGibSmXxGdv6Oggja/359xpAxNk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiQi6EYounFZwT6gCWEynbRDZyZhZlJaQ7du/BU3LhRx6x+482+ctllo64ELh3Pu5d57woRRpR3n21pZXVvf2CxsFbd3dvf27YPDpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbqt4ZEKhqLez1OiM9RT9CIYqSNFNjQGyKZ9GngjSgsjyrwCmae5FDRnpjA8kMlsEtO1ZkBLhM3JyWQox7YX143xiknQmOGlOq4TqL9DElNMSOTopcqkiA8QD3SMVQgTpSfzT6ZwFOjdGEUS1NCw5n6eyJDXKkxD00nR7qvFr2p+J/XSXV06WdUJKkmAs8XRSmDOobTWGCXSoI1GxuCsKTmVoj7SCKsTXhFE4K7+PIyaZ5VXafq3p2Xatd5HAVwDE5AGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MW9dsfKZI/AH1ucPRJiYwg==</latexit><latexit sha1_base64="XGibSmXxGdv6Oggja/359xpAxNk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiQi6EYounFZwT6gCWEynbRDZyZhZlJaQ7du/BU3LhRx6x+482+ctllo64ELh3Pu5d57woRRpR3n21pZXVvf2CxsFbd3dvf27YPDpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbqt4ZEKhqLez1OiM9RT9CIYqSNFNjQGyKZ9GngjSgsjyrwCmae5FDRnpjA8kMlsEtO1ZkBLhM3JyWQox7YX143xiknQmOGlOq4TqL9DElNMSOTopcqkiA8QD3SMVQgTpSfzT6ZwFOjdGEUS1NCw5n6eyJDXKkxD00nR7qvFr2p+J/XSXV06WdUJKkmAs8XRSmDOobTWGCXSoI1GxuCsKTmVoj7SCKsTXhFE4K7+PIyaZ5VXafq3p2Xatd5HAVwDE5AGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MW9dsfKZI/AH1ucPRJiYwg==</latexit><latexit sha1_base64="XGibSmXxGdv6Oggja/359xpAxNk=">AAACCXicbVDLSsNAFJ34rPUVdelmsAjtpiQi6EYounFZwT6gCWEynbRDZyZhZlJaQ7du/BU3LhRx6x+482+ctllo64ELh3Pu5d57woRRpR3n21pZXVvf2CxsFbd3dvf27YPDpopTiUkDxyyW7RApwqggDU01I+1EEsRDRlrh4Gbqt4ZEKhqLez1OiM9RT9CIYqSNFNjQGyKZ9GngjSgsjyrwCmae5FDRnpjA8kMlsEtO1ZkBLhM3JyWQox7YX143xiknQmOGlOq4TqL9DElNMSOTopcqkiA8QD3SMVQgTpSfzT6ZwFOjdGEUS1NCw5n6eyJDXKkxD00nR7qvFr2p+J/XSXV06WdUJKkmAs8XRSmDOobTWGCXSoI1GxuCsKTmVoj7SCKsTXhFE4K7+PIyaZ5VXafq3p2Xatd5HAVwDE5AGbjgAtTALaiDBsDgETyDV/BmPVkv1rv1MW9dsfKZI/AH1ucPRJiYwg==</latexit>

Goal: Find good fitting parameters x, from examples (Fµ,yµ). 

Special cases: Compressed sensing, signal reconstruction in 
computed tomography, magnetic resonance imaging, phase retrieval. 
LASSO, superposition error correcting codes, code-division multiple-
access problem, group testing, logistic regression, …



Theorem 1 (informally): The replica free entropy is correct.  
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Theorem 1 (informally): The replica free entropy is correct. 

Theorem 2 (informally): Optimal error on estimation of x* is:

⇢ = EPX (x2)

MMSE = ⇢�m⇤

where m* is the extremizer of fRS.
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Theorem 3 (informally): Optimal generalisation error is

⇢ = EPX (x2)where m* is the extremizer of fRS.
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PROOF IDEA

⇠ ⇠ N (0, 1)

x⇤ ⇠ PX
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is the free entropy of a scalar denoising problem 

Notice 

is the free entropy of a scalar denoising problem 
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Guerra-Toninelli-like interpolation between the original 
posterior and N + M independent scalar denoising problems. 

Interpolating Hamiltonian: 
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Adaptive interpolation:                                                                          
Choose interpolation path m(t) to cancel the integral                                                                                                    
(Crucial contribution by Barbier & Macris, Probab. Theory Relat. Fields ’08) 

Key Ingredient: (Nishimori/Bayes theorem): Under expectations 
ground truth x* is exchangeable for a sample from P(x|y,F). 

Ex⇤,yEP (x|y)[g(y, x
(1), x⇤)] = EyEP (x|y)[g(y, x

(1), x(2))]

fN = freplica(m, m̂) +

Z 1

0
R(m(t), m̂, t)dt

R(m(t), m̂, t)with a complicated function
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EX: BINARY PERCEPTRON 
TRANSITION TO PERFECT LEARNING 
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Gyorgyi’90

CLOSING A 28 YEARS OLD CONJECTURE… 

EX: BINARY PERCEPTRON 
TRANSITION TO PERFECT LEARNING 

… AND SOLVING MANY NEW PROBLEMS: 
COMPRESSED SENSING, PHASE RETRIEVAL,  

SUPERPOSITION CODES, LOGISTIC REGRESSION…



WHAT ABOUT  
EFFICIENT ALGORITHMS ?



A GENERIC APPROACH: 
THE TAP EQUATIONS

“Improved” mean-field equations for spin glasses
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THOULESS-ANDERSON-PALMER 
ACCORDING TO BOLTHAUSEN
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Convergence of the equations is now proven!



TAP EQUATIONS FOR PERCEPTRON

M. Mézard (’89)



APPROXIMATE MESSAGE PASSING 
THE MODERN AVATAR OF TAP 
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RIGOROUS STATE EVOLUTION

Define:  

mt in the AMP algorithm (                                 ) evolves as: 

then  MSE(t) = ⇢�mt

mt+1 = 2@m̂�PX (m̂t)
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Bolthausen ’06, Bayati-Montanari ’10, Rangan ’10, Donoho-Javamart-Montanari ‘12

fRS(m, m̂) = �PX (m̂) + ↵�Pout(m; ⇢)� mm̂

2

Recall the RS free entropy?

AMP is simply trying to extremize the replica function! 



AMP-MSE given by the local maximum of the free entropy reached 
starting from small m/large MSE. 

Optimal MSE (MMSE) given by the global maximum of the free entropy.

WHEN DOES AMP WORK?
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MMSE = ⇢� argmaxfRS(m)
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<latexit sha1_base64="cvJcWbdEkPlf0Yifa4e51nvLXOE=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkIuhGqIrgplDRXqAJYTKdtkNnkjAzEUrIK7jxVdy4UMStO3e+jdM0oLb+MPDxn3M4c34/YlQqy/oyCguLS8srxdXS2vrG5pa5vdOSYSwwaeKQhaLjI0kYDUhTUcVIJxIEcZ+Rtj+6nNTb90RIGgZ3ahwRl6NBQPsUI6Utz6wkjuCwfnuVehmd1xspPIOOGIbwEPIf0zPLVtXKBOfBzqEMcjU889PphTjmJFCYISm7thUpN0FCUcxIWnJiSSKER2hAuhoDxIl0k+yiFB5opwf7odAvUDBzf08kiEs55r7u5EgN5WxtYv5X68aqf+omNIhiRQI8XdSPGVQhnMQDe1QQrNhYA8KC6r9CPEQCYaVDLOkQ7NmT56F1VLWtqn1zXK5d5HEUwR7YBxVggxNQA9egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgj4yPb434m48=</latexit><latexit sha1_base64="cvJcWbdEkPlf0Yifa4e51nvLXOE=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkIuhGqIrgplDRXqAJYTKdtkNnkjAzEUrIK7jxVdy4UMStO3e+jdM0oLb+MPDxn3M4c34/YlQqy/oyCguLS8srxdXS2vrG5pa5vdOSYSwwaeKQhaLjI0kYDUhTUcVIJxIEcZ+Rtj+6nNTb90RIGgZ3ahwRl6NBQPsUI6Utz6wkjuCwfnuVehmd1xspPIOOGIbwEPIf0zPLVtXKBOfBzqEMcjU889PphTjmJFCYISm7thUpN0FCUcxIWnJiSSKER2hAuhoDxIl0k+yiFB5opwf7odAvUDBzf08kiEs55r7u5EgN5WxtYv5X68aqf+omNIhiRQI8XdSPGVQhnMQDe1QQrNhYA8KC6r9CPEQCYaVDLOkQ7NmT56F1VLWtqn1zXK5d5HEUwR7YBxVggxNQA9egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgj4yPb434m48=</latexit><latexit sha1_base64="cvJcWbdEkPlf0Yifa4e51nvLXOE=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkIuhGqIrgplDRXqAJYTKdtkNnkjAzEUrIK7jxVdy4UMStO3e+jdM0oLb+MPDxn3M4c34/YlQqy/oyCguLS8srxdXS2vrG5pa5vdOSYSwwaeKQhaLjI0kYDUhTUcVIJxIEcZ+Rtj+6nNTb90RIGgZ3ahwRl6NBQPsUI6Utz6wkjuCwfnuVehmd1xspPIOOGIbwEPIf0zPLVtXKBOfBzqEMcjU889PphTjmJFCYISm7thUpN0FCUcxIWnJiSSKER2hAuhoDxIl0k+yiFB5opwf7odAvUDBzf08kiEs55r7u5EgN5WxtYv5X68aqf+omNIhiRQI8XdSPGVQhnMQDe1QQrNhYA8KC6r9CPEQCYaVDLOkQ7NmT56F1VLWtqn1zXK5d5HEUwR7YBxVggxNQA9egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgj4yPb434m48=</latexit><latexit sha1_base64="cvJcWbdEkPlf0Yifa4e51nvLXOE=">AAACEXicbZDLSsNAFIYn9VbrLerSzWARurEkIuhGqIrgplDRXqAJYTKdtkNnkjAzEUrIK7jxVdy4UMStO3e+jdM0oLb+MPDxn3M4c34/YlQqy/oyCguLS8srxdXS2vrG5pa5vdOSYSwwaeKQhaLjI0kYDUhTUcVIJxIEcZ+Rtj+6nNTb90RIGgZ3ahwRl6NBQPsUI6Utz6wkjuCwfnuVehmd1xspPIOOGIbwEPIf0zPLVtXKBOfBzqEMcjU889PphTjmJFCYISm7thUpN0FCUcxIWnJiSSKER2hAuhoDxIl0k+yiFB5opwf7odAvUDBzf08kiEs55r7u5EgN5WxtYv5X68aqf+omNIhiRQI8XdSPGVQhnMQDe1QQrNhYA8KC6r9CPEQCYaVDLOkQ7NmT56F1VLWtqn1zXK5d5HEUwR7YBxVggxNQA9egAZoAgwfwBF7Aq/FoPBtvxvu0tWDkM7vgj4yPb434m48=</latexit>

argmax fRS(m)

fRS(m) = infm̂fRS(m, m̂)
<latexit sha1_base64="jBul5XYUye8OZsHENjAgi/hDSXM=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGBN0IRTcu66MP6AxDJs20oUlmSDJCGeYz3Pgrblwo4rY7/8b0IWjrgQuHc+7l3nuCmFGlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHgeuy3HolUNBIPehgTj6OeoCHFSBvJL56Efnp3n5V5BV7C1JUcUhFmfur2kYY8gz/28VSo+MWSXbUngIvEmZESmKHuF0duN8IJJ0JjhpTqOHasvRRJTTEjWcFNFIkRHqAe6RgqECfKSyePZfDIKF0YRtKU0HCi/p5IEVdqyAPTyZHuq3lvLP7ndRIdXngpFXGiicDTRWHCoI7gOCXYpZJgzYaGICypuRXiPpIIa5NlwYTgzL+8SJqnVceuOrdnpdrVLI48OACHoAwccA5q4AbUQQNg8ARewBt4t56tV+vD+py25qzZzD74A2v0DWmQnr0=</latexit><latexit sha1_base64="jBul5XYUye8OZsHENjAgi/hDSXM=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGBN0IRTcu66MP6AxDJs20oUlmSDJCGeYz3Pgrblwo4rY7/8b0IWjrgQuHc+7l3nuCmFGlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHgeuy3HolUNBIPehgTj6OeoCHFSBvJL56Efnp3n5V5BV7C1JUcUhFmfur2kYY8gz/28VSo+MWSXbUngIvEmZESmKHuF0duN8IJJ0JjhpTqOHasvRRJTTEjWcFNFIkRHqAe6RgqECfKSyePZfDIKF0YRtKU0HCi/p5IEVdqyAPTyZHuq3lvLP7ndRIdXngpFXGiicDTRWHCoI7gOCXYpZJgzYaGICypuRXiPpIIa5NlwYTgzL+8SJqnVceuOrdnpdrVLI48OACHoAwccA5q4AbUQQNg8ARewBt4t56tV+vD+py25qzZzD74A2v0DWmQnr0=</latexit><latexit sha1_base64="jBul5XYUye8OZsHENjAgi/hDSXM=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGBN0IRTcu66MP6AxDJs20oUlmSDJCGeYz3Pgrblwo4rY7/8b0IWjrgQuHc+7l3nuCmFGlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHgeuy3HolUNBIPehgTj6OeoCHFSBvJL56Efnp3n5V5BV7C1JUcUhFmfur2kYY8gz/28VSo+MWSXbUngIvEmZESmKHuF0duN8IJJ0JjhpTqOHasvRRJTTEjWcFNFIkRHqAe6RgqECfKSyePZfDIKF0YRtKU0HCi/p5IEVdqyAPTyZHuq3lvLP7ndRIdXngpFXGiicDTRWHCoI7gOCXYpZJgzYaGICypuRXiPpIIa5NlwYTgzL+8SJqnVceuOrdnpdrVLI48OACHoAwccA5q4AbUQQNg8ARewBt4t56tV+vD+py25qzZzD74A2v0DWmQnr0=</latexit><latexit sha1_base64="jBul5XYUye8OZsHENjAgi/hDSXM=">AAACGHicbVDLSgMxFM3UV62vqks3wSK0IHVGBN0IRTcu66MP6AxDJs20oUlmSDJCGeYz3Pgrblwo4rY7/8b0IWjrgQuHc+7l3nuCmFGlbfvLyi0tr6yu5dcLG5tb2zvF3b2mihKJSQNHLJLtACnCqCANTTUj7VgSxANGWsHgeuy3HolUNBIPehgTj6OeoCHFSBvJL56Efnp3n5V5BV7C1JUcUhFmfur2kYY8gz/28VSo+MWSXbUngIvEmZESmKHuF0duN8IJJ0JjhpTqOHasvRRJTTEjWcFNFIkRHqAe6RgqECfKSyePZfDIKF0YRtKU0HCi/p5IEVdqyAPTyZHuq3lvLP7ndRIdXngpFXGiicDTRWHCoI7gOCXYpZJgzYaGICypuRXiPpIIa5NlwYTgzL+8SJqnVceuOrdnpdrVLI48OACHoAwccA5q4AbUQQNg8ARewBt4t56tV+vD+py25qzZzD74A2v0DWmQnr0=</latexit>

Barbier, FK, Macris, Miolane, Zdeborova, arXiv:1708.03395, COLT 2018



PX(x) =
1

2
[�(x� 1) + �(x+ 1)]
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y = sign(Fx⇤)

↵

↵IT = 1.249

↵Alg = 1.493

Gyorgyi’90

GAMP is optimal, out of the hard phase. 
Redemption of the “un-physical” branch.  

hard



THIS HAPPENS ALL THE TIME!
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SYMMETRIC BINARY PERCEPTRON
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K chosen so that P(y=1)=0.5

from: Barbier, FK, Macris, Miolane, Zdeborova arXiv:1708.03395 

y = sign(|Fx⇤|�K)

↵Alg = 1.566

↵IT = 1

hard



data
F

y
labels

x
w1 w2

weights

p input units

K hidden units

output unit

L=3 layers

n training samples

x learned, w fixed

Limit:  

Committee machine
Quenched teacher-student model studied in Schwarze’92.                                                                                         
Proof and approximate message passing (Aubin, Maillard, Barbier, Macris, FK, Zdeborova ’18)

↵ =
M

N
= O(1)

<latexit sha1_base64="nC6W0MxbMf3KKoR62Jxq8m5Fhho=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigm6Eohs3agX7gCaUyXTSDp08mJkIJWThxl9x40IRt36EO//GaZuFth64cOace5l7jxdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qc+O0HKiSLwns1jqkb4EHIfEaw0lLPLDuYx0OMzpHjC0zS6yy9yfTrtmof9cyKVbOmQIvEzkkFcjR65pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN50ekaFDrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+WduysI4UTQks4/8hCMVoUkiqM8EJYqPNcFEML0rIkOsw1A6t5IOwZ4/eZG0jmu2VbPvTir1izyOIpThAKpgwynU4Qoa0AQCj/AMr/BmPBkvxrvxMWstGPnMPvyB8fkDEbCWaQ==</latexit><latexit sha1_base64="nC6W0MxbMf3KKoR62Jxq8m5Fhho=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigm6Eohs3agX7gCaUyXTSDp08mJkIJWThxl9x40IRt36EO//GaZuFth64cOace5l7jxdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qc+O0HKiSLwns1jqkb4EHIfEaw0lLPLDuYx0OMzpHjC0zS6yy9yfTrtmof9cyKVbOmQIvEzkkFcjR65pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN50ekaFDrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+WduysI4UTQks4/8hCMVoUkiqM8EJYqPNcFEML0rIkOsw1A6t5IOwZ4/eZG0jmu2VbPvTir1izyOIpThAKpgwynU4Qoa0AQCj/AMr/BmPBkvxrvxMWstGPnMPvyB8fkDEbCWaQ==</latexit><latexit sha1_base64="nC6W0MxbMf3KKoR62Jxq8m5Fhho=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigm6Eohs3agX7gCaUyXTSDp08mJkIJWThxl9x40IRt36EO//GaZuFth64cOace5l7jxdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qc+O0HKiSLwns1jqkb4EHIfEaw0lLPLDuYx0OMzpHjC0zS6yy9yfTrtmof9cyKVbOmQIvEzkkFcjR65pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN50ekaFDrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+WduysI4UTQks4/8hCMVoUkiqM8EJYqPNcFEML0rIkOsw1A6t5IOwZ4/eZG0jmu2VbPvTir1izyOIpThAKpgwynU4Qoa0AQCj/AMr/BmPBkvxrvxMWstGPnMPvyB8fkDEbCWaQ==</latexit><latexit sha1_base64="nC6W0MxbMf3KKoR62Jxq8m5Fhho=">AAACBHicbVDLSsNAFL2pr1pfUZfdDBahbkoigm6Eohs3agX7gCaUyXTSDp08mJkIJWThxl9x40IRt36EO//GaZuFth64cOace5l7jxdzJpVlfRuFpeWV1bXiemljc2t7x9zda8koEYQ2ScQj0fGwpJyFtKmY4rQTC4oDj9O2N7qc+O0HKiSLwns1jqkb4EHIfEaw0lLPLDuYx0OMzpHjC0zS6yy9yfTrtmof9cyKVbOmQIvEzkkFcjR65pfTj0gS0FARjqXs2las3BQLxQinWclJJI0xGeEB7Woa4oBKN50ekaFDrfSRHwldoUJT9fdEigMpx4GnOwOshnLem4j/ed1E+WduysI4UTQks4/8hCMVoUkiqM8EJYqPNcFEML0rIkOsw1A6t5IOwZ4/eZG0jmu2VbPvTir1izyOIpThAKpgwynU4Qoa0AQCj/AMr/BmPBkvxrvxMWstGPnMPvyB8fkDEbCWaQ==</latexit>

M,N ! 1
<latexit sha1_base64="xLBh1PYbYIZxovOjRZymRjOnpr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGiRDAPyK5hdjKbDJmdXWZ6lRDyH148KOLVf/Hm3zh5HDSxoKGo6qa7K0ylMOi6305uaXlldS2/XtjY3NreKe7u1U2SacZrLJGJbobUcCkUr6FAyZup5jQOJW+E/aux33jk2ohE3eMg5UFMu0pEglG00sPNyS3xMSG+UBEO2sWSW3YnIIvEm5ESzFBtF7/8TsKymCtkkhrT8twUgyHVKJjko4KfGZ5S1qdd3rJU0ZibYDi5ekSOrNIhUaJtKSQT9ffEkMbGDOLQdsYUe2beG4v/ea0Mo4tgKFSaIVdsuijKJLF/jiMgHaE5QzmwhDIt7K2E9aimDG1QBRuCN//yIqmflj237N2dlSqXszjycACHcAwenEMFrqEKNWCg4Rle4c15cl6cd+dj2ppzZjP78AfO5w9xcpHS</latexit><latexit sha1_base64="xLBh1PYbYIZxovOjRZymRjOnpr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGiRDAPyK5hdjKbDJmdXWZ6lRDyH148KOLVf/Hm3zh5HDSxoKGo6qa7K0ylMOi6305uaXlldS2/XtjY3NreKe7u1U2SacZrLJGJbobUcCkUr6FAyZup5jQOJW+E/aux33jk2ohE3eMg5UFMu0pEglG00sPNyS3xMSG+UBEO2sWSW3YnIIvEm5ESzFBtF7/8TsKymCtkkhrT8twUgyHVKJjko4KfGZ5S1qdd3rJU0ZibYDi5ekSOrNIhUaJtKSQT9ffEkMbGDOLQdsYUe2beG4v/ea0Mo4tgKFSaIVdsuijKJLF/jiMgHaE5QzmwhDIt7K2E9aimDG1QBRuCN//yIqmflj237N2dlSqXszjycACHcAwenEMFrqEKNWCg4Rle4c15cl6cd+dj2ppzZjP78AfO5w9xcpHS</latexit><latexit sha1_base64="xLBh1PYbYIZxovOjRZymRjOnpr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGiRDAPyK5hdjKbDJmdXWZ6lRDyH148KOLVf/Hm3zh5HDSxoKGo6qa7K0ylMOi6305uaXlldS2/XtjY3NreKe7u1U2SacZrLJGJbobUcCkUr6FAyZup5jQOJW+E/aux33jk2ohE3eMg5UFMu0pEglG00sPNyS3xMSG+UBEO2sWSW3YnIIvEm5ESzFBtF7/8TsKymCtkkhrT8twUgyHVKJjko4KfGZ5S1qdd3rJU0ZibYDi5ekSOrNIhUaJtKSQT9ffEkMbGDOLQdsYUe2beG4v/ea0Mo4tgKFSaIVdsuijKJLF/jiMgHaE5QzmwhDIt7K2E9aimDG1QBRuCN//yIqmflj237N2dlSqXszjycACHcAwenEMFrqEKNWCg4Rle4c15cl6cd+dj2ppzZjP78AfO5w9xcpHS</latexit><latexit sha1_base64="xLBh1PYbYIZxovOjRZymRjOnpr4=">AAAB9XicbVDLSgNBEOyNrxhfUY9eBoPgQcKuCHoMevGiRDAPyK5hdjKbDJmdXWZ6lRDyH148KOLVf/Hm3zh5HDSxoKGo6qa7K0ylMOi6305uaXlldS2/XtjY3NreKe7u1U2SacZrLJGJbobUcCkUr6FAyZup5jQOJW+E/aux33jk2ohE3eMg5UFMu0pEglG00sPNyS3xMSG+UBEO2sWSW3YnIIvEm5ESzFBtF7/8TsKymCtkkhrT8twUgyHVKJjko4KfGZ5S1qdd3rJU0ZibYDi5ekSOrNIhUaJtKSQT9ffEkMbGDOLQdsYUe2beG4v/ea0Mo4tgKFSaIVdsuijKJLF/jiMgHaE5QzmwhDIt7K2E9aimDG1QBRuCN//yIqmflj237N2dlSqXszjycACHcAwenEMFrqEKNWCg4Rle4c15cl6cd+dj2ppzZjP78AfO5w9xcpHS</latexit>

K = O(1)
<latexit sha1_base64="pnb2kdx6DB2WkAndPWumY4tr6mw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQiFL0IHqxgP6BdSjbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwg5kwb1/12ciura+sb+c3C1vbO7l5x/6CpZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYyup37riSrNpHgw45j6ER4IFjKCjZWat5d3Ze+0Vyy5FXcGtEy8jJQgQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7NrJ+jEKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOGnTMSJoYLMF4UJR0ai6euozxQlho8twUQxeysiQ6wwMTaggg3BW3x5mTTPKp5b8e6rpdpVFkcejuAYyuDBOdTgBurQAAKP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwD3vI4P</latexit><latexit sha1_base64="pnb2kdx6DB2WkAndPWumY4tr6mw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQiFL0IHqxgP6BdSjbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwg5kwb1/12ciura+sb+c3C1vbO7l5x/6CpZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYyup37riSrNpHgw45j6ER4IFjKCjZWat5d3Ze+0Vyy5FXcGtEy8jJQgQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7NrJ+jEKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOGnTMSJoYLMF4UJR0ai6euozxQlho8twUQxeysiQ6wwMTaggg3BW3x5mTTPKp5b8e6rpdpVFkcejuAYyuDBOdTgBurQAAKP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwD3vI4P</latexit><latexit sha1_base64="pnb2kdx6DB2WkAndPWumY4tr6mw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQiFL0IHqxgP6BdSjbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwg5kwb1/12ciura+sb+c3C1vbO7l5x/6CpZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYyup37riSrNpHgw45j6ER4IFjKCjZWat5d3Ze+0Vyy5FXcGtEy8jJQgQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7NrJ+jEKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOGnTMSJoYLMF4UJR0ai6euozxQlho8twUQxeysiQ6wwMTaggg3BW3x5mTTPKp5b8e6rpdpVFkcejuAYyuDBOdTgBurQAAKP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwD3vI4P</latexit><latexit sha1_base64="pnb2kdx6DB2WkAndPWumY4tr6mw=">AAAB7XicbVBNSwMxEJ2tX7V+VT16CRahXsquFPQiFL0IHqxgP6BdSjbNtrHZZEmyQln6H7x4UMSr/8eb/8a03YO2Phh4vDfDzLwg5kwb1/12ciura+sb+c3C1vbO7l5x/6CpZaIIbRDJpWoHWFPOBG0YZjhtx4riKOC0FYyup37riSrNpHgw45j6ER4IFjKCjZWat5d3Ze+0Vyy5FXcGtEy8jJQgQ71X/Or2JUkiKgzhWOuO58bGT7EyjHA6KXQTTWNMRnhAO5YKHFHtp7NrJ+jEKn0USmVLGDRTf0+kONJ6HAW2M8JmqBe9qfif10lMeOGnTMSJoYLMF4UJR0ai6euozxQlho8twUQxeysiQ6wwMTaggg3BW3x5mTTPKp5b8e6rpdpVFkcejuAYyuDBOdTgBurQAAKP8Ayv8OZI58V5dz7mrTknmzmEP3A+fwD3vI4P</latexit>

MULTI-LAYER NETWORK



Large algorithmic gap: 

IT threshold:    

Algorithmic threshold  

yµ = sign
h KX
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MULTI-LAYER NETWORK

↵IT = 7.65K

↵Algo = O(K2)

hard



HARD PHASE EVERYWHERE

Hard phase identified in: 
‣ stochastic block model 
‣ dense planted sub-matrix;       
‣ low-rank tensor completion;         
‣ compressed sensing;                                           
‣ planted constraint satisfaction;                        
‣ Gaussian mixture clustering;                           
‣ low-density parity check error 

correcting codes;                                       
‣ sparse principal component analysis;                   
‣ generalised linear regression;                                                               
‣ dictionary learning;                                                               
‣ blind source separation;  
‣ learning in binary perceptron;  
‣ phase retrieval; …

Hard phase = spinodal region 
of first order phase transitions. 

Fact : So far all known 
polynomial algorithms fail in 
the hard phase! 

Conjecture:   
AMP/TAP  achieves the 
lowest error among all 
polynomial algorithms 
(asymptotically) 



CONLUSIONS

Proof of the replica formulas and prediction for many learning/
inference problems (here perceptron, but similar results holds for 
generalised linear models, matrix and tensor factorisation, simple 
neural nets …) 

A mean-field type algorithm acheive optimal prediction in polytime… 

… unless metastability appears, in which case we believe nothing works!  

Many more challenging mathematical physics problems in learning and 
computer science (see Lenka Zdeborova tomorrow at 15.45)



Shameless advertising:
Many Postdoc positions opened in Ecole Normale in Paris
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