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PrLAN

@ Motivation

e critical models in statistical physics, scaling limits
e conformal invariance of interfaces & correlations

© Multiple SLEs: classification

o “global” multiple SLEs

o “local” multiple SLEs (i.e., commuting SLESs)
© Partition functions of multiple SLEs

e marginals of global multiple SLEs

o local & global ?7?
© Relation to connection probabilities

o multichordal loop-erased random walks / UST branches
o level lines of the Gaussian free field
o double-dimer pairings

Ising model crossing probabilities



MOTIVATION




ExAMPLE: 2D ISING MODEL

@ put random spins o, = %1 at vertices x of a graph
@ nearest neighbor interaction: P [config.] oc exp (% Dix~y (Tx(ry)

@ phase transition at critical temperature 7 = T,

look at correlation of a pair of spins at x and y
C(x,y) =E[o,0,] -E[o,] E[o,] when |x—y|>>1:

T<T, T=T, T.<T
C(x,y) ~ const. C(x,y) ~ lx =y Cl,y) ~ o hbeo

@ scaling limit at critical temperature T.: conformal invariance



CONFORMAL INVARIANCE OF AN ISING INTERFACE

Dobrushin boundary conditions: 0Q° = {® segment} | J{© segment}

. . 6-0 .
interface of Ising model — Schramm-Loewner evolution, SLLE3

[ Chelkak, Duminil-Copin, Hongler, Kemppainen, Smirnov (2014) ]



CONFORMAL INVARIANCE OF MULTIPLE ISING INTERFACES

X5 @ fix discrete domain data (Q‘S;x‘s, ... ,ng)

@ consider critical Ising model in
Q° c 672 with alternating ®/© b.c.
e Izyurov (2015):
interfaces ﬂ (local) multiple SLEg

Proof: multi-point holomorphic observable
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X5 e fix discrete domain data (Q%; x?, ... ,ng)
@ consider critical Ising model in

Q° c 672 with alternating ®/© b.c.
e Izyurov (2015):

interfaces ﬂ (local) multiple SLEg

Proof: multi-point holomorphic observable

@ If we condition on the event that the
X2 interfaces connect the boundary points

then we have: according to a given connectivity ...

The law of the N macroscopic interfaces of the critical Ising model

converges in the scaling limit 6 — 0 to the N-SLE, with x = 3.

Wu [arXiv:1703.02022] Proof: convergence for N =1 and
Beffara, P. & Wu [arXiv:1801.07699] classification of multiple SLE3 4



CONFORMAL INVARIANCE OF MULTIPLE FK-ISING INTERFACES

e fix discrete domain data (Q%; x?, ... ,ng)

o consider critical FK-Ising model in
c; q Q° c 672 with alternating free/wir b.c.
QD SSeSHCR . X4 . .
p@rm AN RCAORACAY WS o Kemppainen & Smirnov (2018):
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1) P 2 interfaces — hSLEg/3
I ~ 3 /
bR Proof: holomorphic observable
x2 Q 73 ]
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CONFORMAL INVARIANCE OF MULTIPLE FK-ISING INTERFACES

e fix discrete domain data (Q%; x?, ... ,ng)

o consider critical FK-Ising model in
c; q Q% c §7Z% with alternating free/wir b.c.
QU SSeSHCR . X4 . .
;{}'«rm AW CRCACAY ol o Kemppainen & Smirnov (2018):
X1 GRS BAVAN@, . 60
N R A A 2 interfaces — hSLEg/3
I ~ 3 /
bR Proof: holomorphic observable
x2 Q 73 ]
N o If we condition on the event that the
X3 interfaces connect the boundary points
... then we have: according to a given connectivity ...

The law of the N macroscopic interfaces of the critical FK-Ising model

converges in the scaling limit 6 — 0 to the N-SLE, with « = 16/3.

Beffara, P. & Wu [arXiv:1801.07699] Proof: convergence for N =1 and
classification of multiple SLE;s/3 5
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SCHRAMM'S CLASSIFICATION OF CHORDAL SLE,

Theorem [Schramm ~2000]

3! one-parameter family (SLE,),0

of probability measures on chordal

curves with conformal invariance
and domain Markov property

@ encode SLE, random curves in

random conformal maps (g;)r>0

o driving process = image of the tip:

8t
X; = lim g/(z) = VkB,
=y(1)
o g.: H\ y[0,¢] - H solutions to
Loewner equation:
X; = g(y(1)) )= —2— D=z
%@ =X, 80(2)



CLASSIFICATION OF GLOBAL MULTIPLE SLE,

o family of random curves in
(Q; Xlyonns XQN)

@ various connectivities encoded in
planar pair partitions a € LPy

Theorem
Let k € (0,4] U {16/3, 6}. For any fixed connectivity @ of 2N points,
there exists a unique probability measure on N curves
such that

conditionally on N — 1 of the curves, the remaining one is
the chordal SLE, in the random domain where it can live.

Dubédat (2006); Kozdron & Lawler (2007-2009); Miller & Sheffield (2016);
Miller, Sheffield & Werner (2018); P. & Wu (2017); Beffara, P. & Wu (2018)



UNIQUENESS: 1 AT MOST ONE GLOBAL N-SLE,

Let x € (0,4] U {16/3, 6}. For any fixed connectivity @ of 2N points,
there exists at most one probability measure on N curves
such that

conditionally on N — 1 of the curves, the remaining one is

the chordal SLE, in the random domain where it can live.

v

Idea of proof: [ Beffara, P. & Wu [arXiv:1801.07699] |

@ sample curves according to conditional law
= Markov chain on space of curves

@ prove that there is a coupling of two such Markov chains,
started from any two initial configurations, such that
they have a uniformly positive chance to agree after a few steps
= there is at most one stationary measure
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UNIQUENESS: 1 AT MOST ONE GLOBAL N-SLE,

Let x € (0,4] U {16/3, 6}. For any fixed connectivity @ of 2N points,
there exists at most one probability measure on N curves
such that

conditionally on N —1 of the curves, the remaining one is

the chordal SLE, in the random domain where it can live.

Remarks:

o uniformly exponential mixing: 3 coupling s.t.
P[X4, # Xan] < (1= po)"

o the case of N = 2 was proved in Miller & Sheffield: 1G II
using the coupling of SLE with the Gaussian free field (GFF)

@ but N > 3 curves cannot be coupled with the GFF

@ our proof does not use the GFF in any way

o update: N = 2, k € (0,8): Miller, Sheffield, Werner (2018)



CONSTRUCTION OF GLOBAL N-SLE,

For any fixed connectivity @ of 2N points,
there exists at least one probability measure on N curves
such that

conditionally on N — 1 of the curves, the remaining one is
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47.

Local construction by Loewner evolutions ) ok Y k€ (0,4]
expect Yk € (0,8) [ Bauer, Bernard & Kytola (2005); Dubédat (2006) ]




MARGINAL LAW OF ONE CURVE

Theorem:

Let x € (0,4] U {16/3,6}. For any fixed connectivity @ of 2N points,
there exists a unique probability measure on N curves s.t.
conditionally on N — 1 of the curves, the remaining one is

the chordal SLE, in the random domain where it can live.

Proposition

Let k € (0,4]. The marginal law of the curve starting from x;
is given by the Loewner chain with driving process

dW, = Vk dB, +kd;log Z, (W, V2, V2,....vN)dr, Wy =x
. 2dr ‘
dVi=——, Vi=x, fori#l
Vi W,

Therefore, local N-SLE, with partition function Z,
= global N-SLE, associated to connectivity a

P. & Wu [arXiv:1703.00898]




CONNECTION PROBABILITIES

Loy
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APPLICATION: CONNECTION PROBABILITIES

. . e 6—0 . .
Idea: discrete connection probabilities — partition functions:

%irr(l) P [interfaces form connectivity a] =
—

Za(X15 ..., XoN)
28 2p(x1, ..., Xan) J

[ Suggested e.g. by Bauer, Bernard, Kytola (2005)]
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o Gaussian free field (k = 4) with alternating boundary data
+A4,—A,+A,—A,... [P. & Wu [arXiv:1703.00898] ]

@ double-dimer model (k = 4) [ Kenyon & Wilson (2011) ]

@ boundary touching branches in uniform spanning tree (x = 2)
with wired boundary [ Karrila, Kytsla, P. [arXiv:1702.03261] ]

o critical Ising model with alternating b.c. [ in progress... ]
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