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Introduction and results Bose gases and Bogoliubov theory
Strategy of the proof The Gross-Pitaevskii regime

The dilute Bose gas in 3d

N bosons enclosed in a cubic box A of side length L, described by

ZAXJ-F Z Xi — X;) pa’ <« 1

1<i<j<N

Long-standing goals: for N, L — oo and p = N/|A| fixed

> prove the occurrence of condensation

- hard-core bosons at half filling [Dyson-Lieb-Simon, 78]
- renormalization group results:
[Benfatto ‘94], [Balaban-Feldman-Knérrer-Trubowitz ‘08-'16]

» compute thermodynamic functions

- ground state energy: [Dyson‘57], [Lieb-Yngvason,'98],
[Erdds-Schlein-Yau,‘08], [Giuliani-Seiringer ‘09], [Yau-Yin, ‘13],
[Brietzke-Solovej ‘17]

> low lying excitation spectrum
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Bogoliubov theory

-) Fock space Hamiltonian, momentum space

_ 2 _x 1 v/ * * * __ 2mry3
H= Zpg/\* P apap + 37 Zp.q,rG/\* V(r)apiragapaqsr s N =TZ
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Bogoliubov theory

-) Fock space Hamiltonian, momentum space
_ 2 _x 1 v/ * * * _ 2mwrp3
H= Zpe/\* P apap + 357 Zp.q,rel\* V(r)apiragapaqsr s N =TZ

-) Since he expected BEC in low energy states replaced ao, a; by N'/?

v * 2w
H = M V(o) + 2/\: PP+ 3 V(p)]apap AL = T2\ {0}
pe x
l/\ Z \7 )(apa—p + apa,p) + (cubic) + (quartic) N/IA == p
enx

-) Neglecting cubic and quartic contributions, diagonalization leads to

Hg = Ena+ Z \/ p*+2pp2V(p) np n, €N

pEAT
Ena = YpV(0) - 13 V)" ~1 37 [P+ eVip) — /pt+20V(p 2 13 V)t
pent peNT peN:
-) Thermodinamic limit and emergence of the scattering length
e = lim ELN" = 47rp(ao + c11)+47rpaog pag + o(p3/2ag/2)

N,|Al—= 00, p=N/|A| 157

where ap = (87) 1V(0) and a; = O(a2/R), with R the range of the interaction.



Introduction and results Bose gases and Bogoliubov theory
Strategy of the proof The Gross-Pitaevskii regime

Bogoliubov theory and rigorous results
Expectation for the ground state energy for particle:

8 3 3/2 5/2
15 ag +o(p™ “ay"?)

7 = d4mpa+ 47rpu—\/pa + o(pe}/2 5/2

= 4mp(ao + a1) +4mpao—— 12

Recall: 8ma = [ V/(x)f(x)dx with f solution of (—A + V)f = 0 with
f(x) = 1 as |x| = oo. For ag = (87) 'V(0) < R we may write
a=do+a +at... with a;j = ao (ao/RY
Rigorous results
> Leading order: [Dyson'57], [Lieb-Yngvason, 98]
> Second order: upper and lower bounds for regimes s.t. a1 > agy/paj > a2
[Lieb-Solovej, ‘01 & '04], [Giuliani-Seiringer ‘09], [Brietzke-Solovej ‘17];

> Second order for pa® < 1, only upper bounds available
[Erdds-Schlein-Yau,'08], [Yau-Yin, ‘13]
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Bogoliubov theory and rigorous results

Bogoliubov approximation has been proved to be valid for bosons in the mean
field regime:

N

m 1

B ==3a,4 4 X Veo-x), W=
j=1

1<i<j<N
where a0, ag/R ~ N, hence a; ~ N~ U and a; > ag\/pal > as.
Results for the homogeneous case [Seiringer '11]:

» Condensation with rate of convergence: 1 — <goo,'y,(v1)apo> < CNT?

> Ground state energy at second order
m N—1)V(0 % O
By = WO 150 [0+ ) V(p) — Il + 26l V(p) | + 0(1)
> Bogoliubov spectrum of elementary excitations

Y pens Mo\ Pl +26p?V(p) + 0(1), nmp €N

Further results: [Grech-Seiringer ‘13],[Lewin-Nam-Serfaty-Solovey ‘14],
[Derezinski-Napiorkovski ‘14], [Pizzo ‘15]
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Strategy of the proof The Gross-Pitaevskii regime
Bogoliubov theory in the Gross-Pitaevskii regime

Consider N bosons in a cubic box A described by

ZAX,MZ/\F (x—x)), |Al=1

i<j

If kV/(x) has scattering length a, then x/N?V/(/Nx) has
scattering length a/N — dilute regime pa® = N2

since ag/R = O(r) all terms in the Born series of the scattering length
contribute to the same order in N: we cannot replace first and second
Born approximation with the full scattering length!

Relevance:

» physically relevant for the description of strong and short range
interactions among atoms in BEC experiments

» mathematically challenging since correlations among the particles play a
crucial role to understand statical and dynamical properties of the system

» Hpy equivalent to the Hamiltonian for N bosons in a box with L = N
interacting through a fixed potential sV, i.e. p = N/L3 = N2
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Bogoliubov theory in the Gross-Pitaevskii regime

N bosons in A = [0; 1]*3, periodic boundary conditions

2 _x 3
v = E p a,ap + 2N E r/N) apy,ay_,;3paq, A =277
pEN* p,q,reN*

From [Lieb-Seiringer-Yngvason, ‘00] the ground state energy of Hy at leading

order is
En = 4mwa N + o(N)

From [Lieb-Seiringer, ‘02] the one particle reduced density fy,(\,l) associated to
the ground state of Hy is such that in trace norm

(1)
W oo |00) (ol

where po(x) =1 for all x € A.
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Bogoliubov theory in the Gross-Pitaevskii regime

N bosons in A = [0; 1]*3, periodic boundary conditions

* R {7 * *
Hy = Z paya, + 5N Z V(r/N)ap;,ag—rapaq, A. = 2773
pEN* p,q,reN*

From [Lieb-Seiringer-Yngvason, ‘00] the ground state energy of Hy at leading
order is
En = 4ma N + o(N) 8ma = K,de f(x)V(x)

Note that {p§" Hypy") = %"V(O) > 4mal

From [Lieb-Seiringer, ‘02] the one particle reduced density fy,(\,l) associated to
the ground state of Hy is such that in trace norm

(1)
W oo |00) (ol

where po(x) =1 for all x € A.
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Introduction and results
Strategy of the proof

Bogoliubov theory in the Gross-Pitaevskii regime

pEN*

Zpaap

Z V(r/N)aP+, q—rapaq
P,q,rEN*

A* = 2773
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Bogoliubov theory in the Gross-Pitaevskii regime
* A " * * *
Hyv= Y p’ajap+ N > V(r/N)ap, a5 apaq, N = 2773
pEN* p,q,rEA*

[Boccato-Brennecke-C.-Schlein ‘18] For x > 0 small enough, the ground state energy
of Hy is

Ey = 4x(N — 1)ay — ! Z p? +8ma — \/|p|* + 16map? — (P + O(N~/%)
2 2p?

pEAi
where A* = 2773\ {0} and

8ﬂaN

=] (= =
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Bogoliubov theory in the Gross-Pitaevskii regime

Hyv= Y p’ajap+ % > V(r/N)ak, a5 apaq, N = 2773
pEN* p,q,reN*

[Boccato-Brennecke-C.-Schlein ‘18] For x > 0 small enough, the ground state energy

of Hy is
- 1 2 4 2 M 1/4
Eny =4m(N—1)ay — = > |p> +8ma— \/|p|* + 167ap? — + O(N~%
B 2p?
pE/\Jr
where A* = 2773\ {0} and
_ 1 2V2(py /N
8may= xV(0) — o Z %
prENT P1
1msm V(pr/N) [T+ V(g = pir1)/N
I S R L= L
m=2 prypment Pl = i1
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Bogoliubov theory in the Gross-Pitaevskii regime

Hyv= Y p’ajap+ % > V(r/N)ak, a5 apaq, N = 2773
pEN* p,q,reN*

[Boccato-Brennecke-C.-Schlein ‘18] For x > 0 small enough, the ground state energy
of Hy is

1
Eny = 4n(N — 1l)ay — = Z {p2 + 8ma — 4/ |p|* + 16wap? — M} + O(N~/%)
2 2p?

pEAi
where A* = 2773\ {0} and

e 1 w2 V2(p1 /N) |4m(N — 1)ay — 4n(N —1)a| < C
8ray= kV(0) — T lezl\i T
m P v m—1 \7 N
n Z (= 1N ) V(P12/N) [ 11 ((ps 2PJ+1)/ ] V(om/N)
ma @GMNIT L fmens  PU NEd j+1

Bogoliubov theory in the Gross-Pitaevskii regime S. Cenatiempo ICMP18 - July 24 8/17



Introduction and results Bose gases and Bogoliubov theory
Strategy of the proof The Gross-Pitaevskii regime

Bogoliubov theory in the Gross-Pitaevskii regime

Hyv= Y p’ajap+ % > V(r/N)ak, a5 apaq, N = 2773
pEN* p,q,reN*

[Boccato-Brennecke-C.-Schlein ‘18] For x > 0 small enough, the ground state energy
of Hy is

1
Eny =4m(N—1)ay — = > {,:2 +8ma—/|p[* + 16map? — M} + O(N~/%)
2 2p?

pEAi
where A* = 2773\ {0} and

R 252 |47(N — 1)ay — 4m(N —1)a| < C
8ray= kV(0) — ﬁ Z M
prEAT P1
(=1)msm V(e /M) 1T V(B = i) /Ny o
30 A a2 a1 . | V(om/ )
m=2 PLy--PmENL 1 Jj=1 J+1

The spectrum of Hy — Ep below an energy ¢ consists of

|p|* + 16malp|2 + O(N~/4(1 + %))
peNt
with np € N and np # 0 for finitely many p € A% only.
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Introduction and results
Strategy of the proof

Excitation Hamiltonian
Correlation structure

Step 1: removing particles in the Bose-Einstein condensate

For ¢ € L2(AV) and o € L*(N)

Yn =0 oSV + a1 ®s @

[Lewin-Nam-Serfaty-Solovej ‘12]
®N—1
0

+o o ®@s e + +an,
where a; € L?(A)“ and o | .
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 1: removing particles in the Bose-Einstein condensate

For ¢ € L2(AV) and o € L*(N) [Lewin-Nam-Serfaty-Solovej ‘12]

®RN—-1

v =" + a1 s oV T 4+ @ ¥V T+ 4o,

where a; € L?(A)“ and o | .
Unitary map:  Un(go) : L2(A") — FT) EB L3, (N)®="

Yy — UN(‘PO)’Q[/N = {ao, 1, ..., an,0,0,...}

o (w1 =
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Introduction and results
Strategy of the proof

Excitation Hamiltonian
Correlation structure

Step 1: removing particles in the Bose-Einstein condensate
For ¢ € L2(AV) and o € L*(N)

[Lewin-Nam-Serfaty-Solovej ‘12]
v=a0pd’ + a1 @ o¥N T+ @ PN T L an,
where a; € L?(A)“ and o | .
Unitary map

Un(so) : Li(A") — FEL EB L3 o (A

®s”
YN — UN(sOo)dJN = {0, o,

)

co, N, 0, 0
In the homogeneous case @o(x) = 1 for all x € A, hence Uy : L2(R3V) — F=V
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Introduction and results
Strategy of the proof

Excitation Hamiltonian
Correlation structure

Step 1: removing particles in the Bose-Einstein condensate

For ¢ € L2(AV) and o € L*(N) [Lewin-Nam-Serfaty-Solovej ‘12]

sz:oaogag?’v+o¢1®snp?N_l+...+(yj®scpg§N_j+...—|—aN,

where a; € L?(A)“ and o | .
N
Unitary map:  Un(go) : L2(A") — FE) = D L7, (N)*"
n=0
v — Un(po)n = {0, a1, ..., an,0,0,...}

In the homogeneous case @o(x) = 1 for all x € A, hence Uy : L2(R®*V) — F="

Conjugation with Uy reminds of Bogoliubov approximation

UNaE;aoU,"(,:N—NJr UNaf;apU,T,:\/N—NJrap _/\/;: Z a;ap

eA*\{0
Un apaq Uy = apaq Unajao Uy = a3 /N — N PEATA{0}
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 1: removing particles in the Bose-Einstein condensate
Hy =3 e ps plasa, + 2 Yparens V(r/N)agy ag rapaq, N = 2773

Excitation Hamiltonian: Ly = UyHy Uy : F=" — F=N

N — V(o
Ly = 2N RV(O)(N = N:) + =3 ()M(N—M)
+Zpaap+ZmVp/N (N1N+)ap
PENT PENT
+g Z \7(p/N)[ « (N— N+)(N 1-Ny) o+ »+hec. }

PENT

+ﬁ Z \7(P/N) [b;Jrqa*—paq + a;a—pbp+q]

P,GENY :p+q#0

+ﬂ > V(r/N)apiragapaq:r

P,GENY ,rEN*ir#—p,—q
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 1: removing particles in the Bose-Einstein condensate
Hy =3 en plasa, + 2 Y paren V(r/N)agirag rapaqg, N = 2773

Excitation Hamiltonian: Ly = UyHy Uy : F=" — F=N

_N- V(O)
n =" VO - M) + TTONL (V- )

+Zpaap+Zan/N (N1N+)ap

PENT PENT

+g Z \7(p/N)[ « (N— N+)(N = N+) * +hc }

PENT

+7 Z V(p/N) [b;Jrqa*—paq + a;a—pbp+q]
P,GENY :p+q#0

+ﬂ > V(r/N)apiragapaq:r

P,GENY ,rEN*ir#—p,—q

Key fact: cubic and quartic terms cannot be neglected for N — oo
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Introduction and results = on Hamiltonian
Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Conjugation with Uy factors out products of the condensate wave function!

States with small energy in the Gross-Pitaevskii limit are characterized by
a correlation structure on length scales of order N~' which we model by
the solution of the Neumann problem

(= A+ 5N2V(N)) fun(x) = A five(x)
on the ball |x| < ¢ < 1/2, with

fNyz(X) =1 and 8|X| fNyz(X) =0 for |X| =/

One has c
‘ H/N3V(Nx)f;,,,v(x)dx —8ra| < 22
N?
(RVC/M)*Fon)
o =) = = =

Bogoliubov theory in the Gross-Pitaevskii regime S. Cenatiempo ICMP18 - July 24 11/17



Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Inspired by [Brennecke-Schlein ‘17] we describe correlations in ]-'fN using

1 * *
T(n) = exp [ 5 > me(bpbt, — bpb,,,)] L FEN o FEN
pEAi

with
Np=—72 (1— fNe)(P/N)

and modified creation and annihilation operators

N — .Af N — jV’ . FSN __, =N
S ¥
Usib Uy = a;%, UpbpUn = map CLA(AY) — 12(AY)

Remark: the operators b, and b, create and annihilate excitations, but do not
change the total number of particles.
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Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Inspired by [Brennecke-Schlein ‘17] we describe correlations in ]-'fN using
1 kg ok
T(n) = exp [ 5 > me(bpbt, — bpb,,,)] L FEN o FEN
pEAi

with Inp| < C%e*\P\/N
o= —7 (1= fue)(p/N) p
Inll2 < Ck, IInllpm < CeVN

and modified creation and annihilation operators

N — .Af N — jV’ . FSN __, =N
S ¥
Usib Uy = a;%, UpbpUn = map CLA(AY) — 12(AY)

Remark: the operators b, and b, create and annihilate excitations, but do not
change the total number of particles.

Bogoliubov theory in the Gross-Pitaevskii regime S. Cenatiempo ICMP18 - July 24 12/17



Introduction and results
Strategy of the proof

X on Hamiltonian
Correlation structure

Step 2: include correlations between condensate and excitation pairs

Define the renormalized excitation Hamiltonian

Gn = T"(n)Un Hy Uy T(n) : FV — F=V
Then

Gn = 4maN +Hy + 0w,

+ 0y < OHy + CK(N+ + 1)
. * Y 9, * *
with Hy = Z plajap + 5N Z V(r/N)ayiragapag:r = K+ Vn
PENY p,gENT
reN*:r#—p,—q
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Define the renormalized excitation Hamiltonian
On = T*(nUn Hy Ui T(n) + FE" = FEV

Then
Gn = 4dmaN + Hy +0n, L0y < Hn+ Cr(N; + 1)

. K -~
with Hy = Z p-apa, + SN E V(r/N)ay, agapager = K+ Vn
pENT p,gENT
reN*:r#—p,—q

With this bound we prove that states s.t. (¢, Hvton) < 4malN + K

can be written as 1y = Uy T(n)én  with  (En, N én) < C(K +1)
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Define the renormalized excitation Hamiltonian
On = T*(nUn Hy Ui T(n) + FE" = FEV

Then
Gn = 4dmaN + Hy +0n, L0y < Hn+ Cr(N; + 1)

. K -~
with Hy = Z p-apa, + SN E V(r/N)ay, agapager = K+ Vn
pENT p,gENT
reN*:r#—p,—q

With this bound we prove that states s.t. (¢, Hvton) < 4malN + K

can be written as ¢y = Uy T(n)én  with  (&n, Niéy) < C(K +1)

Refined bound: excitations associated to ¥y = x(Hn < 4malN + K)yn satisfy

(&n, [We + 1)(Hn + 1) + (Vs +1)%)én) < C(K + 1)
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Step 2: include correlations between condensate and excitation pairs

Define the renormalized excitation Hamiltonian
Gy =T "(n)Un Hy UyT(n) : F=N }—EN
Then
Gn = 4dmaN + Hy +0n, L0y < Hn+ Cr(N; + 1)

. K -~
with Hy = Z p-apa, + SN Z V(r/N)ay, agapager = K+ Vn
pENT p,gENT
reN*:r#—p,—q
Moreover,

Gn = Coy + Qay +Cn +Vn+ &gy, *Egy < CNTV2(Hy +NT +1)(N; +1)

with Cn= 75 Zp,qe/\j:pw#o V(p/N)(bpiqa’paq + h.c.)

Refined bound: excitations associated to ¥y = x(Hn < 4malN + K)yn satisfy

(ny [Ny + 1)(Hn + 1) + (Vs +1)%]én) < C(K +1)
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 2: include correlations between condensate and excitation pairs

Define the renormalized excitation Hamiltonian
Gy =T"(n)UnHy Uy T(n) - F=N = }—EN
Then
Gn = 4dmaN + Hy +0n, L0y < Hn+ Cr(N; + 1)

with Hy = Z p-apa, + 7\, Z V(r/N) ay andpagrr = K+ Vn
pENT p,gENT

reN*:r#¢—p,—q oy
Moreover, Un = UnT(n)€

Gn = Coy + Qay +Cn +Vn+ &gy, *Egy < CNTV2(Hy +NT +1)(N; +1)
with Cn= 75 Zp,qe/\j:mqyfo V(p/N)(bpiqa’paq + h.c.)

Not surprising! Quasi-free states can only approximate the ground state energy up
to errors of order one [Erdoes-Schlein-Yau ‘08], [Napiorkovski-Reuvers-Solovej ‘15].
From RG perspective: quadratic and cubic terms are relevant in the ultraviolet.
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Introduction and results X
Strategy of the proof Correlation structure

on Hamiltonian

Step 3: include correlations due to triplets

To extract the large term from Cy and Vy we consider the cubic operator

A= 3T | brb (cosh(n)by + sinh(i),b",) ~ hic. |
\/> rePy,vePp
with linear spectrum free particle regime
l V)
I >
Po={peNL:|p| <N} R o o
' ' Pt Py
Py = /\i/PL bm-mmmm = boommmmm =
0 (16ma)t/? NY2 N
(1/R)
o = S = =
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 3: include correlations due to triplets

To extract the large term from Cy and Vy we consider the cubic operator

A= 3T | brb (cosh(n)by + sinh(i),b",) ~ hic. |
\/N rePy,vePp
with linear spectrum free particle regime
l V)
I >
Po={peNL:|p| <N} R o o
' ' Pt Py
Py = /\i/PL bm-mmmm = boommmmm =
0 (16ma)t/? NY2 N
(1/R)

Hence, we define the renormalized excitation Hamiltonian

In = e NGy = e AT () Uy Hy Uy T(n)e™™ © FEN — FN

Bogoliubov theory in the Gross-Pitaevskii regime S. Cenatiempo ICMP18 - July 24 14/17



Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 3: include correlations due to triplets

To extract the large term from Cy and Vy we consider the cubic operator

A= 2 n,[ br,,b", (cosh(n)y by + sinh(n),b%,) — h.c. ]
\/> rePy,vePp
with linear spectrum free particle regime
l V)
I >
Po={peNL:|p| <N} R o o
' ' Pt Py
Py = /\i/PL bm-mmmm = boommmmm =
0 (16ma)t/? NY2 N
(1/R)

Hence, we define the renormalized excitation Hamiltonian
In = e NGy = e AT () Uy Hy Uy T(n)e™™ © FEN — FN
Now,

Iv = Cqy+Qun+Vn + €7y, &7y <CN Y HN+NZ+ 1Ny +1)
N ——

determine the
low energy spectrum

Bogoliubov theory in the Gross-Pitaevskii regime S. Cenatiempo ICMP18 - July 24 14/17



Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 3: include correlations due to triplets

Conjugation with the quadratic and cubic operators renormalizes the
interaction, leading to the appearance of the scattering length:

IN= Coy+Qay+Vn + Ezy,  £E7y < CNVHNL +1)(Hu +1)
%/_/

determine the
low energy spectrum

where 1
Q=Y [Fobsbp+ 5G,,( byb”, + bpb_p)]
. PEAL
with
Fp = p*(sinh?, 4 cosh?y,) + #(V (/) + f/v,;;)p (sinhn, + coshn,)?

Gy = 2p? sinh, coshn + < (V(/n) * ?,\/,;)P (sinh7, + coshn,)?
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Step 3: include correlations due to triplets

Conjugation with the quadratic and cubic operators renormalizes the
interaction, leading to the appearance of the scattering length:

Iv = Coy+Qun+Wn + 7y,  £E7y < CN V4N +1)(Hn +1)
N ——

determine the
low energy spectrum

where 1
Quy = [Fobybp+ 5Go( b, + bob_p)]

pEA:
with

Fp = p*(sinh?, 4 cosh?y,) + #(V (/) + f/v,;;)p (sinhn, + cosh,)? ~ p

. & -~ . 1
Gp = 2p” sinhn, coshn, + 1 (V(/n) % f"’"’)p (sinh7, + coshn,)? ~ p
The operator Q 7, may be diagonalized using

1 * g ok G —
T(r)=ep |5 D 7al(byb™p — bob-p)|, tanh(2r) = =22 || = [p| "
P

pENT
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Introduction and results

Strategy of the proof
Step4: diagonalization

Excitation Hamiltonian

Correlation structure
Let My = T*(1)JIn T(7) : ]—"fN — 7=" then
My = En+ 3 ,cn VIPI* + 16malpl?apap + Ery
with
En = 47(N = D)an — 3 Spep. [p* +8ma — /[plF + +16malpP + 5|
and
Enmy < CNTV4H(HN + N2

+ DNV +1).
Finally, we use of the min-max principle to compare the eigenvalues A\, of

My — Ep (i.e. the eigenvalues of Hy — En) with the eigenvalues A, of

pEN® lp|* + +16ma|p|?agap
showing that below an energy ¢

Bogoliubov theory in the Gross-Pitaevskii regime
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Introduction and results Excitation Hamiltonian
Strategy of the proof Correlation structure

Perspectives

> Condensation and Bogoliubov theory in the Gross-Pitaevskii regime
without the smallness condition on the interaction

> Extend the results to non-translation-invariant bosonic systems
trapped by confining external fields

> Next term in the ground state energy expansion ?

> Validity of Bogoliubov predictions for dilute Bose gases in the
thermodynamic limit

» Connection with Renormalization Group methods
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