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Masatoshi NOUMI (Kobe University, Japan)

ICMP 2018, Montreal, Canada (July 27, 2018)

Abstract

Elliptic hypergeometric functions are a new class of special functions that have been

developed during these two decades. In this talk I will give an overview of various as-

pects of elliptic hypergeometric functions with emphasis on connections with integrable

systems including the elliptic difference Painlevé equation.
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Plan of this talk

Part 1: Elliptic Hypergeometric Functions

Part 2: Elliptic Difference Painlevé Equation
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Part 1: Elliptic Hypergeometric Functions

References for Part 1

[1] M. Ito and M. Noumi: Derivation of a BCn elliptic summation formula via the fundamental

invariants, Constr. Approx. 45 (2017), 33–46 (arXiv:1504.07018, 11 pages).

[2] M. Ito and M. Noumi: Evaluation of the BCn elliptic Selberg integral via the fundamental invari-

ants, Proc. Amer. Math. Soc. 145 (2017), 689–703 (arXiv:1504.07317, 15 pages).

[3] M. Ito and M. Noumi: A determinant formula associated with the elliptic hypergeometric integrals

of type BCn (in preparation).
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1 q-Hypergeometric integrals of Selberg type

○ Selberg integral (1942)

Generalization of the beta integral to a multiple integral involving a power of the

difference product (Atle Selberg, 1917–2007):

1

n!

∫ 1

0

· · ·
∫ 1

0

n∏
i=1

zα−1
i (1− zi)

β−1
∏

1≤i<j≤n

|zi − zj|2γ dz1 · · · dzn

=
n∏

j=1

Γ(α + (j − 1)γ) Γ(β + (j − 1)γ) Γ(jγ)

Γ(α + β + (n+ j − 2)γ) Γ(γ)

Variations and extensions of this formula, including the cases of integrals of trigono-

metric and elliptic fuctions, provide with foundations for a variety of theories of hyper-

geometric functions in many variables.

• Hypergeometric integral of Selberg type = Selberg integral in the broad sense

Integral of powers of polynomials which involves a power of a difference product

or a Weyl denominator

• Selberg integral in the narrow sense

Hypergeometric integral of Selberg type which admits an evaluation formula

in terms of the gamma function
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○ q-Hypergeometric integrals of Selberg type

z = (z1, . . . , zn): coordinates of the n-dimensional algebraic torus Tn = (C∗)n

There are two types of q-hypergeometric integrals (with base q ∈ C∗, |q| < 1):

Jackson integrals /infinite multiple series (Aomoto–Ito),

versus ordinary integrals over n-cycles in Tn (Macdonald)

• Jackson integral: With a base point ζ = (ζ1, . . . , ζn) ∈ (C∗)n, the Jackson integral

of a function φ(z) is defined as the infinite multiple series

1

(1− q)n

∫ ζ1∞

0

· · ·
∫ ζn∞

0

φ(z1, . . . , zn)
dqz1 · · · dqzn
z1 · · · zn

=
∞∑

ν1=−∞

· · ·
∞∑

νn=−∞

φ(qν1ζ1, . . . , q
νnζn).

In the notation of multi-indices ν = (ν1, . . . , νn) ∈ Zn, qνζ = (qν1ζ1, . . . , q
νnζn) ∈ (C∗)n,∫ ζ∞

0

φ(z)ωq(z) =
∑
ν∈Zn

φ(ζqν), ωq(z) =
1

(1− q)n
dqz1 · · · dqzn
z1 · · · zn

.

Sum of the values of φ(z) over the multiplicative lattice Λζ = qZ
n
ζ ⊂ (C∗)n.

• Ordinary integral over an n-cycle:∫
C

φ(z)ω(z) =
1

(2π
√
−1)n

∫
C

φ(z1, . . . , zn)
dz1 · · · dzn
z1 · · · zn

, ω(z) =
1

(2π
√
−1)n

dz1 · · · dzn
z1 · · · zn

Typically, the real torus Tn
R = {|z1| = · · · = |zn| = 1} is chosen for the n-cycle C.
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○ q-Shifted factorials

• q-Shifted factorials:

(z; q)∞ =
∞∏
i=0

(1− qiz), (z; q)k =
(z; q)∞
(qkz; q)∞

(k ∈ Z)

For k = 0, 1, 2, . . .,

(z; q)k = (1−z)(1−qz) · · · (1−qk−1z), (z; q)−k =
1

(1−q−kz)(1−q−k+1z) · · · (1−q−1z)
.

q-Shifted factorials are regarded as counterparts of power functions or gamma functions:

(qβz; q)∞
(qαz; q)∞

→ (1− z)α−β;
(q; q)∞
(qs; q)∞

(1− q)1−s → Γ(s)

For k ∈ Z or k = ∞, a product of q-shifted factorials are often abbreviated as

(a1, . . . , ar; q)k = (a1; q)k · · · (ar; q)k.
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○ q-Beta and q-hypergeometric integrals (contour integrals)

• Askey–Wilson q-beta integral: double sign: f(z±1) = f(z)f(z−1)

1

2π
√
−1

∫
C

(z±2; q)∞
(az±1, bz±1, cz±1, dz±1; q)∞

dz

z
=

2

(q; q)∞

(abcd; q)∞
(ab, ac, ad, bc, bd, cd; q)∞

C: a closed curve separating the poles accumulating at z = 0 and those at z = ∞.

• Nassrallah–Rahman q-beta integral: Under the condition a0a1 · · · a5 = q,

1

2π
√
−1

∫
C

(z±2; q)∞(qa−1
0 z±1; q)∞∏5

k=1(akz
±1; q)∞

dz

z
=

2

(q; q)∞

∏5
i=1(q/aia0; q)∞∏

1≤i<j≤5(aiaj; q)∞

• Rahman’s q-hypergeometric integral: (Rahman 1986)

Under the balancing condition a0a1 · · · a7 = q2,∏
1≤i<j≤6

(aiaj; q)∞ · (q; q)∞
4π

√
−1

∫
C

(z±2; q)∞
∏

i=0,7(qa
−1
i z±1; q)∞∏6

i=1(aiz
±1; q)∞

dz

z

=

∏6
i=1(qai/a0; q)∞(q/aia7; q)∞
(q2a20; q)∞(a0/a7; q)∞

10W9

(
q/a20; q/a0a1, q/a0a2, . . . , q/a0a7; q, q

)
+

∏6
i=1(qai/a7; q)∞(q/aia0; q)∞
(q2a27; q)∞(a7/a0; q)∞

10W9

(
q/a27; q/a1a7, q/a2a7, . . . , q/a6a7; q, q

)
.

r+3Wr+2

(
a0; a1, . . . , ar; q, z

)
=

∞∑
k=0

1− q2ka0
1− a0

(a0; q)k
(q; q)k

r∏
i=1

(ai; q)k
(qa0/ai; q)k

zk
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○ q-Hypergeometric integral of Selberg type

z = (z1, . . . , zn): coordinates of the algebraic torus Tn = (C∗)n

• Gustafson’s q-Selberg integral (1990)

[Askey–Wilson] For generic complex parameters a = (a1, . . . , a4) and t,

1

(2π
√
−1)n

∫
Cn

n∏
i=1

(z±2
i ; q)∞∏4

k=1(akz
±1
i ; q)∞

∏
1≤i<j≤n

(z±1
i z±1

j ; q)∞

(tz±1
i z±1

j ; q)∞

dz1 · · · dzn
z1 · · · zn

=
2nn!

(q; q)n∞

n∏
i=1

(
(t; q)∞
(ti; q)∞

(a1a2a3a4t
n+i−2; q)∞∏

1≤k<l≤4(t
i−1akal; q)∞

)
The integrand is the weight function for the Koornwinder polynomials (BCn).

[Nassrallah-Rahman] Under the balancing condition a0a1a2a3a4a5t
2n−2 = q2,

1

(2π
√
−1)n

∫
Cn

n∏
i=1

(z±2
i ; q)∞(qa−1

0 z±1
i ; q)∞∏5

k=1(akz
±1
i ; q)∞

∏
1≤i<j≤n

(z±1
i z±1

j ; q)∞

(tz±1
i z±1

j ; q)∞

dz1 · · · dzn
z1 · · · zn

=
2nn!

(q; q)n∞

n∏
i=1

(
(t; q)∞
(ti; q)∞

∏5
k=1(t

1−iq/a0ak; q)∞∏
1≤k<l≤5(t

i−1akal; q)∞

)
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2 Elliptic hypergeometric integrals of Selberg type

○ Ruijsenaars’ elliptic gamma function

With two (generic) bases p, q ∈ C∗, |p| < 1, |q| < 1,

Γ(z; p, q) =
(pq/z; p, q)∞
(z; p, q)∞

, (z; p, q)∞ =
∞∏

i,j=0

(1− piqjz).

It is a meromorphic function on C∗ with simple poles at z = p−iq−j (i, j = 0, 1, . . .).

・ Jacobi theta function (in the multiplicative variable):

θ(z; p) = (z; p)∞(p/z; p)∞; θ(pz; p) = −z−1θ(z; p), θ(p/z; p) = θ(z; p)

・ The elliptic gamma function satisfies the following functional equations:

Γ(qz; p, q) = θ(z; p)Γ(z; p, q), Γ(pq/z; p, q) = Γ(z; p, q)−1

・ In the double sign notation f(z±1) = f(z)f(z−1),

1

Γ(z±1; p, q)
=

(z±1; p, q)∞
(pqz±1; p, q)∞

= (1− z±1)(pz±1; p)∞(qz±1; q)∞

= −z−1(z, p/z; p)∞(z, q/z; q)∞ = −z−1θ(z; p)θ(z; q)

holomorphic on C∗, splits into the product of two theta functions with bases p, q.

・ In the limit as p→ 0,

θ(z; p) → (1− z), Γ(z; p, q) → 1

(z; q)∞
, Γ(pz; p, q) → (q/z; q)∞
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○ Elliptic hypergeometric integral of Selberg type (BCn)

• Elliptic beta integral (Spiridonov 2001)

Under the balancing condition a1 · · · a6 = pq,

(p; p)∞(q; q)∞

4π
√
−1

∫
C

∏6
k=1 Γ(akz

±1; p, q)

Γ(z±2; p, q)

dz

z
=

∏
1≤k<l≤6

Γ(akal; p, q)

・ Elliptic extension of the Nassrallah–Rahman q-beta integral

・ Integral version of the Frenkel–Turaev sum

• Elliptic hypergeometric integral of Selberg type

The following integral is called the BCn elliptic hypergeometric integral of Selberg type :

In(a) =

∫
Cn

Φ(z; a)ω(z), ω(z) =
1

(2π
√
−1)n

dz1 · · · dzn
z1 · · · zn

Φ(z; a) =
n∏

i=1

∏m
k=1 Γ(akz

±1
i ; p, q)

Γ(z±2
i ; p, q)

∏
1≤i<j≤n

Γ(tz±1
i z±1

j ; p, q)

Γ(z±1
i z±1

j ; p, q)

a = (a1, . . . , am) ∈ (C∗)m, t ∈ C∗

・When |ak| < 1 (k = 1, . . . ,m), |t| < 1, a standard choice for the n-cycle Cn is the real

torus Tn
R =

{
|z1| = · · · = |zn| = 1

}
. When the parameters go out from this domain,

the n-cycle should be deformed accordingly.
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• Elliptic Selberg integral (m=6) (van Diejen-Spiridonov 2001, Rains)

Under the balancing condition a1 · · · a6t2n−2 = pq,

In(a1, . . . , a6) =
1

(2π
√
−1)n

∫
Cn

n∏
i=1

∏6
k=1 Γ(akz

±1
i ; p, q)

Γ(z±2
i ; p, q)

∏
1≤i<j≤n

Γ(tz±1
i z±1

j ; p, q)

Γ(z±1
i z±1

j ; p, q)

dz1 · · · dzn
z1 · · · zn

=
2nn!

(p; p)n∞(q; q)n∞

n∏
i=1

(
Γ(ti; p, q)

Γ(t; p, q)

∏
1≤k<l≤6

Γ(ti−1akal; p, q)

)
(Elliptic extension of Gustafson’s q-Selberg integral)

• BCn elliptic hypergeometric integral (m = 8) (Rains)

In(a1, . . . , a8) =
1

(2π
√
−1)n

∫
Cn

n∏
i=1

∏8
k=1 Γ(akz

±1
i ; p, q)

Γ(z±2
i ; p, q)

∏
1≤i<j≤n

Γ(tz±1
i z±1

j ; p, q)

Γ(z±1
i z±1

j ; p, q)

dz1 · · · dzn
z1 · · · zn

・ The Ruijsenaars–van Diejen difference operator of type BCn is formally selfadjoint

with respect to the scalar product defined by the weight function Φ(z).

・ When t = q, the sequence of integrals In(a1, . . . , a8) (n = 0, 1, 2, . . .) provides with a

hypergeometric τ -function of the E8 elliptic difference Painlevé equation (Rains 2005,

Noumi 2018). In this case, In(a1, . . . , a8) can also be expressed as an n × n Casorati

deteminant whose entries are elliptic hypergeometric integrals in one variable.
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3 Determinant of the elliptic hypergeometric integrals

○ General setting of type BCn

We consider the meromorphic function

Φ(z; a) =
n∏

i=1

∏m
k=1 Γ(akz

±1
i ; p, q)

Γ(z±2
i ; p, q)

∏
1≤i<j≤n

Γ(tz±1
i z±1

j ; p, q)

Γ(z±1
i z±1

j ; p, q)

of n variables z = (z1, . . . , zn) ∈ (C∗)n with generic parameters a = (a1, . . . , am) and t.

The BCn elliptic hypergeometric integral (of type II) is defined by

In(a) =

∫
Cn

Φ(z; a)ω(z), ω(z) =
1

(2π
√
−1)n

dz1 · · · dzn
z1 · · · zn

.

The integrand Φ(z; a) is invariant under the action of the Weyl groupWn = {±1}n⋊Sn

of type BCn (hyperoctahedral group of degree n).
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○ Bilinear form defined by the integral

Assuming that m = 2r + 4 (even), we denote by H(p)
r−1 the C-vector space of Wn-

invariant holomorphic functions of degree r − 1 with respect to p:

H(p)
r−1,n =

{
f ∈ O((C∗)n)Wn

∣∣ Tp,zif(z) = f(z)(pz2i )
−r+1 (i = 1, . . . , n)

}
.

dimC H(p)
r−1,n =

(
n+r−1
r−1

)
.

Taking the two C-vector spaces H(p)
r−1,n, H

(q)
r−1,n for the two bases p, q, respectively, we

introduce the hypergeometric pairing (following the terminology of Tarasov-Varchenko)

⟨·, ·⟩Φ : H(p)
r−1,n ×H(q)

r−1,n → C,

⟨φ(z), ψ(z)⟩Φ =

∫
Cn

φ(z)ψ(z)Φ(z)ω(z) (φ ∈ H(p)
r−1,n, ψ ∈ H(q)

r−1,n)

associated with the integral with respect to Φ(z) = Φ(z; a).

In this setting the vector space H(p)
r−1,n can be regarded as the space of n-cocycles

representing the Wn-invariant q-difference de Rham cohomology associated with Φ(z).

The vector spaceH(q)
r−1,n in turn plays the role of the space of n-cycles for this q-difference

de Rham cohomology. Note that the dimension

dimC H(p)
r−1,n = dimC H(q)

r−1,n =
(
n+r−1
r−1

)
is 1 for r = 1, and n+ 1 for r = 2.
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Note that the dimension
(
n+r−1
r−1

)
of H(p)

r−1,n coincides with the cardinality of the set of

multiindices

Zr,n =
{
µ = (µ1, . . . , µr) ∈ Nr

∣∣ |µ| = µ1+· · ·+µr = n
}
.

Choosing generic r parameters x = (x1, . . . , xr) ∈ (C∗)r, we consider the set of reference

points (x)t,ν (ν ∈ Zr,n) in (C∗)n defined by multiple principal specialization:

(x)t,ν = (x1, tx1, . . . , t
ν1−1x1; x2, tx2, . . . , t

ν2−1x2; . . .) ∈ (C∗)n (r blocks).

Then one can show that H(p)
r−1,n has a unique interpolation function basis such that

Eµ(x; (x)t,ν ; p) = δµ,ν (µ, ν ∈ Zr,n).

Using the two kinds of interpolation functions with bases p, q respectively, we define

the integrals

Kµ,ν(a;x, y) = Kµ,ν(a;x, y; p, q) = ⟨Eµ(x; z; p), Eν(y; z; q)⟩Φ

=

∫
Cn

Eµ(x; z; p)Eν(y; z; q)Φ(a; z; p, q)ω(z) (µ, ν ∈ Zr,n).

The
(
n+r−1
r−1

)
×
(
n+r−1
r−1

)
matrixK(r,n)(a;x, y) =

(
Kµ,ν(a;x, y)

)
µ,ν∈Zr,n

is the representation

matrix of the hypergeometric pairing

⟨·, ·⟩Φ : H(p)
r−1,n ×H(q)

r−1,n → C; ⟨φ(z), ψ(z)⟩Φ =

∫
Cn

φ(z)ψ(z)Φ(z)ω(z)

in terms of the interpolation bases.
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We assume below that the balancing condition a1 · · · amt2n−2 = pq is satisfied.

Theorem A: The matrix K(r,n)(a;x, y) satisfies a system of first order q-difference

and p-difference equations of the form

Tq,akT
−1
q,al
K(r,n)(a;x, y) = Ak,l(a;x, y)K

(r,n)(a;x, y) (1 ≤ k < l ≤ m),

Tp,akT
−1
p,al
K(r,n)(a;x, y) = K(r,n)(a;x, y)Bk,l(a;x, y) (1 ≤ k < l ≤ m).

We remark that Bk,l(a;x, y) is obtained as the transposed matrix of Ak,l(a;x, y) with

the roles of (x, y) and (p, q) exchanged.

The matrix K(r,n)(a;x, y) can be thought of as a fundamental system of solutions of

the q-difference/p-difference systems. Also, non-degeneracy of the hypergeometric pair-

ing is guaranteed by an explicit evaluation formula for the determinant of K(r,n)(a;x, y).

Theorem B: The determinant of the matrix K(r,n)(a;x, y) is evaluated as follows:

detK(r,n)(a;x, y) = c(r,n)L(r,n)(a;x, y)

L(r,n)(a;x, y) =

∏n−1
i=0

∏
1≤k<l≤m Γ(tiakal; p, q)

(n−i+r−2
r−1 )∏

0≤i+j<n

∏
1≤k<l≤r

(
e(tixk, tjxl; p)e(tiyk, tjyl; q)

)(n−i−j+r−3
r−2 )

c(r,n) =

(
2nn!

(p; p)n∞(q; q)n∞

)(n+r−1
r−1 ) ∏n

i=1 Γ(t
i; p, q)r(

n−i+r−1
r−1 )

Γ(t; p, q)r(
n+r−1

r )
,

where e(u, v; p) = u−1θ(uv; p)θ(u/v; p).
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• r = 1 (m = 6): 1× 1 determinant (van Diejen–Spiridonov 2001)

detK(1,n)(a) =
2nn!

(p; p)n∞(q; q)n∞

∏n
i=1 Γ(t

i; p, q)

Γ(t; p, q)n

n−1∏
i=0

∏
1≤k<l≤6

Γ(tiakal; p, q)

• r = 2 (m = 8): (n+ 1)× (n+ 1) determinant

detK(2,n)(a;x, y) =

(
2nn!

(p; p)n∞(q; q)n∞

)n+1 ∏n
i=1 Γ(t

i; p, q)2(n−i+1)

Γ(t; p, q)n(n+1)

·
∏n−1

i=0

∏
1≤k<l≤8 Γ(t

iakal; p, q)
n−i∏

0≤i+j<n e(t
ix1, tjx2; p)e(tiy1, tjy2; q)

.
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1 Elliptic difference Painlevé equation

○ Elliptic (difference) Painlevé equation

A system of nonlinear difference equations with elliptic function coefficients

with affine Weyl group symmetry of type E8

. . . Master equation for “all” second order discrete Painlevé equations

• Several approaches to the elliptic Painlevé equation

− Ohta-Ramani-Grammaticos (J.Phys. A 2001)

Bilinear equations for τ -functions on the E8 lattice

− Sakai (CMP 2001)

Discrete dynamical system on the rational surface obtained from P2 by blowingup

at nine points (or from P1 × P1 by blowingup at eight points) in general poisition

− Kajiwara et al. (J.Phys. A 2003, Séminaires et Congrès 2006)

τ -Functions associated with Weyl group actions on point configuration spaces

− Rains (SIGMA 2011), Yamada (IMRN 2011)

Compatibility condition of linear difference equations (Lax pairs)
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• Differential equations versus difference equations

nonlinear linear

Differential Painlevé VI equation Gauss hypergeometric

equation (1 + 4 parameters) equation (1 + 3 parameters)

cc c
c c D

(1)
4

�
�

@
@

@
@

�
�

α2

α4

α3α1

α0

t + 2F1

(
a, b

c
;x

)

Difference Elliptic Painlevé equation Elliptic hypergeometric

equation (8 parameters) equation (7 parameters)

c c c c c c c cc
α1 α2 α3 α4 α5 α6 α7 α8

α0 E
(1)
8 12V11 (a0; a1, . . . , a7; p, q)

or I(t0, t1, . . . , t7; p, q)
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○ Sakai’s table of second order discrete Painlevé equations

Sakai’s table (2001): a standard list of second order discrete Painlevé equations

classification of nine-point blowups of P2, or eight-point blowups of P1 × P1,

which admit affine Weyl group symmetries.

− Rational surfaces (anti-canonical divisors)

(eP ) : A
(1)
0

(qP ) : A
(1)
0 → A

(1)
1 → A

(1)
2 → A

(1)
3 → A

(1)
4 → A

(1)
5 → A

(1)
6 → A

(1)
7 → A

(1)
8

↘
A′(1)

7

(dP ) : A
(1)
0 → A

(1)
1 → A

(1)
2 → D

(1)
4 → D

(1)
5 → D

(1)
6 → D

(1)
7 → D

(1)
8

↘ ↘
E

(1)
6 → E

(1)
7 → E

(1)
8

− Affine Weyl group symmetry

(eP ) : E
(1)
8

(qP ) : E
(1)
8 → E

(1)
7 → E

(1)
6 → D

(1)
5 → A

(1)
4 → (A2 +A1)

(1) → (A1 +A′
1)

(1) → A′
1
(1) → A

(1)
0

↘
A

(1)
1

(dP ) : E
(1)
8 → E

(1)
7 → E

(1)
6 → D

(1)
4 → A

(1)
3 → (2A1)

(1) → A′
1
(1) → A

(1)
0

↘ ↘
A

(1)
2 → A

(1)
1 → A

(1)
0



Discrete Painlevé equations
(Grammaticos-Ramani-· · · & Sakai)

Rational (9) Trigonometric (9) Elliptic (1)

dP qP eP

E8 : [12V11]

E8 : [10W9 + 10W9]

E8 E7 : [8W7]

E7 E6 : [3φ2]

E6 D5 : qPVI [2φ1]

A4 : qPV

D4 : PVI A2 + A1 : qPIII, qPIV

A3 : PV A1 + A1 : qPII

A1+A1 : PIII A2 : PII A1 A′
1

A1 : P ′
III A1 : PII (A0)

(A0 : P ′′
III) (A0 : PI)

Ultradiscrete
Painlevé equations

uP

Continuous
Painlevé equations

P
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○ Hermite’s theorem

Suppose that a nonzero entire function s(z) (z ∈ C) satisfies the functional equation

of three terms

s(z + a)s(z − a)s(b+ c)s(b− c) + s(z + b)s(z − b)s(c+ a)s(c− a)

+ s(z + c)s(z − c)s(a+ b)s(a− b) = 0

for any z, a, b, c ∈ C. Then, it is known that

(0) s(z) is an odd function (s(0) = 0, s(−z) = −s(z)), and
(1) the set of zeros Ω =

{
a ∈ C

∣∣ s(a) = 0
}
is a closed discrete subgroup of (C,+).

Furthermore, up to multiplication by exp(az2 + c) for some a, c ∈ C, it belongs to one

of the following three classes of functions:

(0) rational : s(z) = z Ω = 0

(1) trigonometric : s(z) = sin(πz/ω1) Ω = Zω1

(2) elliptic : s(z) = σ(z|Ω) Ω = Zω1 ⊕ Zω2,

where σ(z|Ω) denotes the Weierstrass sigma function

σ(z|Ω) = z
∏

ω∈Ω, ω ̸=0

(
1− z

ω

)
ez

2/2ω+z/ω.
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• Remarks on the three-term relation

[1] A considerable part of the theory of difference equations of Painlevé type and of

hypergeometric type can be formulated in terms of an arbitrarily chosen fundamental

function s(z) satisfying the three-term relation mentioned above, without discriminating

the three classes (rational, trigonometric, elliptic). In such a case, it is convenient to

use the e-number notation [z] = s(z) assuming that

[z ± a][b± c] + [z ± b][c± a] + [z ± c][a± c] = 0

with abbreviation [a±b] = [a+b][a−b]. It should be noted that this three-term relation

is already a Hirota equation in dimension one.

[2] Hereafter, we consider the elliptic case with the additive e-number notation

[z] = σ(z|Ω), Ω = Zω1 ⊕ Zω2.

When Ω = Z1⊕ Zτ and Im τ > 0, setting p = e(τ) = e2π
√
−1τ we define

θ(u; p) = (u; p)∞(p/u; p)∞, (u; p)∞ =
∞∏
i=0

(1− piu) (|p| < 1).

In this multiplicative notation of elliptic theta function, the odd Jacobi theta function

is expressed as [z] = const.u−
1
2 θ(u; p) (u = e(z)); this function satisfies the above

three-term relation.
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○ Elliptic difference Painlevé equation

The elliptic difference Painlevé equation is a system of equations for two dependent

variables (x, y) ∈ P1 × P1 with respect to translations Tα by E8 roots:

(∗) Tα(x) = Rα(x, y), Tα(y) = Sα(x, y) (α ∈ Q(E8))

where Rα(x, y), Sα(x, y) ∈ K(x, y) are rational functions in (x, y) with coefficients in

the field K = M(A) of meromorphic functions on the complex torus A = L⊗ZEΩ, with

EΩ = C/Ω. Here L denotes the Picard lattice associated with the eight-point blowup

of P1 × P1:

L = Zh1 ⊕ Zh2 ⊕ Ze1 ⊕ Ze2 ⊕ · · · ⊕ Ze8
(h1|h1) = (h2|h2) = 0, (h1|h2) = −1, (hi|ej) = 0, (ei|ej) = δij

Note that the complexification h = L⊗Z C is identified with the Cartan subalgebra of

the affine Lie algebra g(E
(1)
8 ), and that the complex torus is expressed as A = h/L⊗ZΩ.

The elliptic difference equation (∗) is then defined through a certain representation of

the affine Weyl group W (E
(1)
8 ) = TQ ⋊W (E8), Q = Q(E8) on K(x, y).
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For the elliptic difference Painlevé equation defined as above, one can introduce a

family of τ variables
(
τ(Λ)

)
Λ∈M indexed by the W (E

(1)
8 )-orbit M = W (E

(1
8 )e8 ⊂ L

such that

τ(Λ) = Te8−Λ(τ(e8)) (Λ ∈M)

x =
τ(e2)τ(h1 − e2)

τ(e1)τ(h1 − e1)
, y =

τ(e2)τ(h2 − e2)

τ(e1)τ(h2 − e1)
.

Then the elliptic difference Painlevé equation is translated into a system of non-

autonomous Hirota equations of the form

σ(ej − ek)σ(hr − ej − ek)τ(ei)τ(hr − Ei)

+ σ(ek − ei)σ(hr − ek − ei)τ(ej)τ(hr − Ej)

+ σ(ei − ej)σ(hr − ei − ej)τ(ek)τ(hr − Ek) = 0

involving elliptic theta functions as coefficients, together with their W (E8)- translates.

This system of bilinear equations is essentially the same as the τ -functions on the E8

lattice proposed earliear by Ohta-Ramani-Grammaticos (2001).

Reformmulating this system of non-autonomous Hirota equations, we introduce below

the notion of ORG τ -functions, and construct hypergeometric ORG τ -functions in that

framework.
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2 eP (E
(1)
8 ) as a system of non-autonomous Hirota equations

○ A realization of the root lattice P = Q(E8)

V = C8 = Cv0 ⊕ Cv1 ⊕ · · · ⊕ Cv7; (vi|vj) = δij (i, j ∈ {0, 1, . . . , 7}).

P =
{
a ∈ Z8 ∪ (ϕ+ Z8) | (ϕ|a) ∈ Z

}
ϕ = 1

2
(1, 1, 1, 1, 1, 1, 1, 1) = 1

2
(v0 + v1 + · · ·+ v7)

∆(E8) = { α ∈ P | (α|α) = 2 }, |∆(E8)| = 240.

(1) : ±vi ± vj (0 ≤ i < j ≤ 7) · · ·
(
8
2

)
· 4 = 112

(2) : 1
2
(±v0 ± · · · ± v7) (even number of − signs) · · · 27 = 128∑

a∈P

q(a|a) = 1 + 240q2 + 2160q4 + 6720q6 + 17520q8 + · · ·

c c c c c c c c
c

α1 α2 α3 α4 α5 α6 α7 α8

α0
α0 = ϕ− v0 − v1 − v2 − v3,

αj = vj − vj+1 (j = 1, . . . , 6)

α7 = v7 + v0

α8 = δ − ϕ

ϕ : highest root of ∆(E8)
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○ Cl-frames in P = Q(E8)

Definition (Cl-frame): For each l = 1, 2, 3, . . ., a set of 2l vectors {±a1, . . . ,±al} in

V is called a Cl-frame if

(1) (ai|aj) = δij (i, j ∈ {1, . . . , l}),
(2) { ± ai ± aj | 1 ≤ i < j ≤ l } ∪ { ±2ai | 1 ≤ i ≤ l } ⊂ P.

There are 2160 vectors a ∈ 1
2
P with (a|a) = 1. Let Cl be the set of all Cl frames in P :

(1
2
P )1 =

⊔
A∈C8

A; |C8| = 135, |C3| = 135 ·
(
8
3

)
= 7560

Hereafter we use the notation [ζ] = σ(ζ|Ω) or [ζ] = z−
1
2 θ(z; p), z = e2π

√
−1ζ so that

[β ± γ][ζ ± α] + [γ ± α][ζ ± β] + [α± β][ζ ± γ] = 0.
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○ ORG τ -function

Fix a nonzero constant δ. Let D be a subset of V = C8 such that D + Pδ = D.

Definition (ORG τ -function): A function τ(x) defined over D is called an ORG

τ -function if it satisfies the non-autonomous Hirota equation

[(b+ c|x)] [(b− c|x)] τ(x+ aδ) τ(x− aδ)

+ [(c+ a|x)] [(c− a|x)] τ(x+ bδ) τ(x− bδ)

+ [(a+ b|x)] [(a− b|x)] τ(x+ cδ) τ(x− cδ) = 0

for any C3-frame {±a, ±b, ±c} in P = Q(E8).

Each of the six points x± aδ, x± bδ, x± cδ belongs to D if and only if the others do.

In this formulation eP (E8) is aW (E8)-invariant system of 7560 non-autonomous Hirota

equations.

































τ(x+aδ)

τ(x−aδ)

τ(x+bδ)τ(x−bδ)

τ(x+cδ)

τ(x−cδ)

x
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○ eP (E8) τ -function as an infinite chain of eP (E7) τ -functions

In the E8 root lattice P = Q(E8), the E7 root lattice is realized as

Q(E7) = {a ∈ P | (ϕ|a) = 0 } ⊂ P = Q(E8); ∆(E7) = ∆(E8)
⊥ϕ.

Fixing a constant c ∈ C, we consider the union of parallel hyperplanes

Dc =
⊔
n∈Z

Hc+nδ; Hc+nδ = {x ∈ V | (ϕ|x) = c+ nδ} (n ∈ Z).

Then an ORG τ -function τ(x) on Dc can be regarded as a chain {τ (n)(x)}n∈Z of eP (E7)

τ -functions on parallel hyperplanes by setting τ (n) = τ |Hc+nδ
(n ∈ Z).

• Four types of 7560 C3-frames (specified by the scalar products with ϕ)

�
�

Q
Q
Q
Q

�
�

(I)

(((hhhhhh (((

(II0)

(((hhhhhh (((

(II1)

�
�
�

D
D
D

D
D
D

�
�
�

(II2)6

�� ��

ϕ

56 · 72 20 · 63 30 · 63 6 · 63
(±1

2
)3 06 (±1) 04 (±1)2 02
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Hc+(n+1)δ

Hc+nδ

Hc+(n−1)δ

τ (n+1)(x)

τ (n)(x)

τ (n−1)(x)

(I)n+ 1
2

(II0)n (II1)n (II2)n

• Four types of Hirota bilinear equations

Four types of bilinear equations corresponding to the types I, II0, II1, II2 of C3-frames:

(I)n+ 1
2
: [(a1 ± a2|x)]τ (n)(x− a0δ)τ

(n+1)(x+ a0δ) + · · · = 0

(II0)n : [(a1 ± a2|x)]τ (n)(x− a0δ)τ
(n)(x+ a0δ) + · · · = 0

(II1)n : [(a1 ± a2|x)]τ (n−1)(x− a0δ)τ
(n+1)(x+ a0δ)

= [(a0 ± a2|x)]τ (n)(x± a1δ)− [(a0 ± a1|x)]τ (n)(x± a2δ)

(II2)n : [(a1 ± a2|x)]τ (n)(x± a0δ)

= [(a0 ± a2|x)]τ (n−1)(x− a1δ)τ
(n+1)(x+ a1δ)− · · ·
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○ Hypergeometric τ -function (semi-infinite chain)

Definition: A meromorphic ORG τ function τ(x) on Dc =
⊔

n∈ZHc+nδ is called a

hypergeometric τ -function if

τ (n)(x) = 0 (n < 0), τ (0)(x) ̸= 0.

Theorem A (Recursion theorem): Let τ (0)(x), τ (1)(x) be nonzero meromorphic

functions on Hc, Hc+δ respectively. Suppose that they satisfy

[(a0 ± a2|x)]τ (0)(x± a1δ) = [(a0 ± a1|x)]τ (0)(x± a2δ)

for any C3-frame of type II1, and

[(a1 ± a2|x)]τ (0)(x− a0δ)τ
(1)(x+ a0δ) + · · · = 0

for any C3-frame of type I. Then these exists a unique a hypergeometric τ -function

τ(x) on Dc such that τ (0) = τ |Hc and τ (1) = τ |Hc+δ
.
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Theorem B (Casorati determinant): Under the assumption of Theorem A, suppose

that τ (1)(x) is expressed as τ (1)(x) = γ(1)(x)φ(x) with a nonzero meromorphic function

γ(1)(x) satisfying

[(a0 + a2|x)]γ(1)(x± a1δ) = [(a0 + a1|x)]γ(1)(x± a2δ)

for a C3-frame of type II1 with (ϕ|a0) = 1, (ϕ|a1) = (ϕ|a2) = 0. Then the components

τ (n)(x) of the hypergeometric τ -function τ(x) are expressed as follows in terms of 2-

directional Casorati determinants:

τ (n)(x) = γ(n)(x)K(n)(x) (x ∈ Hc+nδ; n = 0, 1, 2, . . .)

K(n)(x) = det
(
φ
(n)
ij (x)

)n
i,j=1

φ
(n)
ij (x) = φ(x−(n−1)a0δ+(n+1−i−j)a1δ+(j−i)a1δ) (1 ≤ i, j ≤ n).

The gauge factors γ(n)(x) are determined inductively from γ(0)(x) = τ (0)(x), γ(1)(x) by

[(a0 ± a2|x)]γ(n−1)(x− a0δ)γ
(n+1)(x+ a0δ) = [(a1 ± a2|x)]γ(n)(x± a1δ).

The Toda equation (II1)n corresponds to the Lewis-Carroll formula for determinants.
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Toda equations produce 2-directional Casorati determinants
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(II1)n : [(a1 ± a2|x)]τ (n−1)(x− a0δ)τ
(n+1)(x+ a0δ)

= [(a0 ± a2|x)]τ (n)(x± a1δ)− [(a0 ± a1|x)]τ (n)(x± a2δ)
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○ W (E7)-invariant hypergeometric τ -function

We consider the case [ζ] = z−
1
2 θ(z; p), z = e(ζ) = e2π

√
−1ζ . A typical hypergeometric

τ -function for eP (E8) can be constructed by means of elliptic hypergeometric integrals.

We consider to construct a hypergeometric τ -function on

Dτ =
⊔
n∈Z

Hτ+nδ with p = e(τ), q = e(δ).

• τ (0)(x) The system of first order difference equations for τ (0)(x) (x ∈ Hτ ) is solved

by a product of triple elliptic gamma functions: for x ∈ Hτ ,

τ (0)(x) =
∏

0≤i<j≤7

Γ(quiuj; p, q, q), ui = e(xi) (i = 0, 1, . . . , 7).

in the multiplicative variables, where for p, q, r ∈ C∗ with |p|, |q|, |r| < 1,

Γ(u; p, q, r) = (u; p, q, r)∞(pqr/u; p, q, r)∞, (u; p, q, r)∞ =
∞∏

i,j,k=0

(1− piqjrku).
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• τ (1)(x) Then, the system of Hirota equations between τ (0)(x) and τ (1)(x) is solved

by the elliptic hypergeometric integral: for x ∈ Hτ+δ,

τ (1)(x) =
∏

0≤i<j≤7

Γ(uiuj; p, q, q) · e(−Q(x))I(u; p, q) (x ∈ Hτ+δ),

Q(x) = 1
2δ
(x|x), I(u; p, q) =

(p; p)∞(q; q)∞

4π
√
−1

∫
C

∏7
i=0 Γ(uiz

±1; p, q)

Γ(z±2; p, q)

dz

z
.

Note that the condition x ∈ Hτ+δ corresponds to the balancing condition u0u1 · · ·u7 =
p2q2 in multiplicative variables. In fact, the system of linear difference equations for

τ (1)(x) reduces to the three term relations

[xj ± xk]T
δ
xi
J(x) + [xk ± xi]T

δ
xj
J(x) + [xi ± xj]T

δ
xk
J(x) = 0.

for J(x) = e(−Q(x))I(u; p, q).

• Starting with τ (0)(x), τ (1)(x) specified as above, one can construct aW (E7)-invariant

hypergeometric function τ(x).
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Theorem C (Determinant formula): For each n = 0, 1, 2, . . ., the nth component

τ (n)(x) of the W (E7)-invariant hypergeometric τ -function is expressed as an n × n

determinant of elliptic hypergeometric integrals in one variable :

τ (n)(x) = γ(n)(x) det
(
φ
(n)
ij (x)

)n
i,j=1

φ
(n)
ij (x) = φ(x− (n− 1)a0δ + (n+ 1− i− j)a1δ + (j − i)a2δ)

for any C3-frame {±a0,±a1,±a2} of type II1 with (ϕ|a0) = 1, where

φ(x) = e(− 1
2δ
(x|x)) · (p; p)∞(q; q)∞

4π
√
−1

∫
C

∏7
i=0 Γ(uiz

±1; p, q)

Γ(z±2; p, q)

dz

z
.

This 2-directional Casorati determinant can be rewritten into a multiple integral. By

Warnaar’s elliptic extension of the Krattenthaler determinant, we finally obtain the

expression of τ (n)(x) in terms of the multiple elliptic hypergeometric integral of Rains.

Theorem D (Multiple integral representation): For each n = 0, 1, 2, . . ., τ (n)(x)

is expressed as an elliptic hypergeometric integral of type BCn:

τ (n)(x) = p(
n
2)

∏
0≤i<j≤7

Γ(q1−nuiuj; p, q, q) · e(−nQ(x)) I(n)(q
1
2
(1−n)u; p, q, q),

I(n)(u; p, q, q) =
(p; p)n∞(q; q)n∞
2nn!(2π

√
−1)n

∫
Cn

n∏
k=1

∏7
i=0 Γ(uiz

±1
k ; p, q)

Γ(z±2
k ; p, q)

∏
1≤k<l≤n

θ(z±1
k z±1

l ; p)
dz1 · · · dzn
z1 · · · zn

.
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